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• {�[�c � EMatfir0qbadfpuvnbc
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• w�WEq�]tr0c�]
ZkatWAWL@ir0X
• h9WYatWLo c
wE]v[�hbqM[Ladqk]^r�cd]^c6p
a �;� _bhbq �

_|fpr e4atoYr�Wbhbfictctr ctWT@B@pr�h fph2qbr�a jmWT@poYr�hbqbr0h G WYaD@pr�ct_bhbo�Zbat�Lctr�hG]^fpr�ad]O_bhbq2�Yr�atoA@ifpuvnbr�h[M$r0adqbr0h �

"$#rq sJ14t6uKv]w;14:;1

• < X�ZL@pr�X�r�h`]tfpr�at_bhbo��Lr0adctuvnbfir0qbr�hbr0as} fpr�X [�hbh � {�yYcdr0a
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_|fpr r0fihbqbfiX�r�hbctfiWYhM[T@ir0h e4_L@ir0atoT@pr0fiuvn`_bhboYr�h�fih�[T@B@ioYr0X�r0fihbr0aeE;WLatX @p[L_k]tr0h

ut + f1(u)x = 0

X�f�]

u =











ρ

ρv1

ρv2

e











, f1 =











ρv1

ρv2
1 + p

ρv1v2

v1(e + p)











^ _bcd]^[LhbqbcdoA@pr�fpuvn`_bhbo p = (γ − 1)ρε, e = ρε + 1
2
ρ(v2

1 + v2
2)

eghG]tnM[T@pZkfpr
H = e+p

ρ

� �i� ���T���}�R��� �P� � �R�[�`�d� �[���	�4���`���

un+1
ij = un

ij −
∆t

∆x

(

gi+1/2,j − gi−1/2,j

)

�|#%" ��143k7yuL-.:;145�	��Lt*1�� -

gi+1/2,j = 1
2
(f1 (ui+1,j) + f1 (ui,j))
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a ad_bhbqbZbadfphLC�fpZ�\Lz�r0c�]^fpX�X�_bhko�qkr0a|ER@plkctctrsqk_batuvnmb [LZbZkatW c�fpX�[�]^f��Yr0c f {�yYctr�h'r�fphbr�c
} fpr�X [�hbh � =4adWAWL@pr�X�c[Lh'qkr0h ^ rP@B@ioYatr�hLC0r�h �
_|fpr$ER@i_LSYqbf���r�atr0hKCg[LX�}O[Lhbq r0fphkr0c a f�]t]^r�atfih`]tr0a��L[ @B@pc M fpadq fih qbfpr.U|hG]tr0fB@ir4hM[Luvnxatr0uvnG]tc�_bhbq�@pfihb\`c�C0r0aD@pr�oL]_bhbq oYr�r0fioYhbr�]�[LZkZbatW c�fpX�fpr�ad] � �'[Lh hbr�hbhG]Qqbfir0cdr G r�adj>[Lnbadr0h qM[Lnbr�a [L_kuvn ER@p_KSYqbf�� r0adr0hLC�r0h � w�ZL@ifi]t]tfphbo
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eFck[L\G]tr�{�yYcd_bhbo�qbr0c
}Ofir0X�[Lhbh � =4atWAWL@ir0X�c

gi+1/2,j = f1 (uRP (0; uij, ui+1,j))

egfioYr0hkctuvnM[�j ]tr0h qbr0c a W�qk_bhbW � �HG r0a�j>[Lnbadr0hbc�cdfphbq rdcb[�\`]tr�egadnM[T@�]^_bhbok~Fz�r�fphbnM[ @i]^r�h hbfpuvnG]j@pfphkrU[Ladr0a g rP@ �@pr0hb[L_bcjWkatr0f�]^_bhko�_bhkq U qM[�Zk]^f���f�]v��] �
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{�yLct_bhbo�qbr�c
rdcb[�\`]tr0h%}Ofir0X�[Lhbh � =gadWAWL@ir0X�c$jmlba qbfirl@pfihbrU[Ladfpcdfpr0a�] e4atnb[T@i]t_bhboYcdoA@pr�fpuvn`_bhbo

ut + Alrux = 0

_ [TW�r0f�X�_LS�qbfir �%[�]^adf c
Alr

jmWA@poYr�hbqbr � z�r�qbfphboL_bhboYr�h'r�adjmlL@Q@pr0h]\

�Y�
Alr(u, u) = A(u)

b>X�fi]
A(u) = ∂f1(u)/∂u 5 [�u0WAWbf � �%[ ]^atf cLf

���
Alr

qbf [LoLWYhM[T@ifpctfir0aDWM[La*b z76EZ�r0aDW WA@ifBC�fi]v� ]df
�k� �'fi]d]^r�@QM$r0ad]tr0fioYr0hbcduvnM[�j ]

f1(ur) − f1(ul) = Alr(ur − ul)
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_|fpr �%[�]tatf c
Alr = A(ū)

X�fi] qkr0h �'fi]d]^rP@ M�r�ad]tr0h

v̄1 =

√
ρrv1r +

√
ρlv1l√

ρr +
√

ρl
, v̄2 =

√
ρrv2r +

√
ρlv2l√

ρr +
√

ρl
, H̄ =

√
ρrHr +

√
ρlHl√

ρr +
√

ρl

c̄2 = (γ − 1)

(

H̄ − 1

2
v̄2

)

r0adjmlK@B@i] qbfpr�ctr�z�r0qkfphboY_khboYr0h � _|fpr e4fpoYr�h M�r�ad]^r qbr�a �%[�]^adf c
Alr

cdfphbq

a1 = v̄1 − c̄, a2 = a3 = v̄1, a4 = v̄1 + c̄,

qbfpr e4fpoYr�hG�Yr0\G]tWYatr�h

r1 =











1

v̄1 − c̄

v̄2

H̄ − v̄1c̄











, r2 =















1

v̄1

v̄2

1

2

(

v̄2
1 + v̄2

2

)















, r3 =











0

0

1

v̄2











, r4 =











1

v̄1 + c̄

v̄2

H̄ + v̄1c̄











.

�'fi] qbr�h z�r�C0r�fpuvnbh`_bhboLr0h

∆ρ = ρr − ρl ∆m1 = ρrv1r − ρlv1l ∆m2 = ρrv2r − ρlv2l

∆e = er − el ∆e = ∆e − (∆m2 − v̄2∆ρ)v̄2

r0atnb�T@i] X�[Lh�[L_bc qbr�a6z$r0qbfihboY_bhbo
ur − ul =

∑4
i=1 γiri

qbfpr VOW�r�� C0fpr�hG]^r0h

γ2 = −γ − 1

c̄2

[

∆ρ
(

v̄2
1 − H̄

)

− v̄1∆m1 + ∆e
]

γ1 = − 1

2c̄
[∆m1 − ∆ρ (v̄1 + c̄)] − 1

2
γ2

γ4 = ∆ρ − γ1 − γ2

γ3 = ∆m2 − v̄2∆ρ

_ [LX�fi] r�atnM�T@�] X [�h�qkr0h'}OWEr � ER@p_LS�[T@pc

gi+1/2,j = 1
2
(f1 (ui+1,j) + f1 (ui,j)) −

1

2

4
∑

k=1

γk|ak|rk

_ [Lc
}OWEr �rG r0adj>[�nbatr�h[@p�L_kj ] qb[Lhbh2jmWA@poYr�hbqbr�atX�[TSYr0h2[ W�\
• z�r�atr0uvnkhbr�qbfir }OWEr � �'fi]d]^r�@QM$r0ad]tr

v̄1, v̄2, H̄
_khbq

c̄

• z�r�atr0uvnkhbr�qbfirsoYr0X�fi]d]^r�@i]^r�h2e4fpoYr�h8M$r0a�]^r
a1, a2, a3, a4

• z�r�atr0uvnkhbr�qbfirsoYr0X�fi]d]^r�@i]^r�h2}Or�uvnG]^ctr�fpoYr�hG�Yr0\G]tWYatr�h
r1, r2, r3, r4

• z�r�atr0uvnkhbr�qbfir`E;[L\G]^WYadr0h
γ1, γ2, γ3, γ4

• z�r�atr0uvnkhbr�qbr�h%} WEr � E�@p_LS
gi+1/2,j

�



egfioYr0hkctuvnM[�j ]tr0h'qbr0cO} W�r �HG r0a�j>[Lnbadr0hbc ctfihbq

• e4fph2r0fihLC0r�@phbr�a
wE]^WAS�WEqbr0a r�fphbr r�fphLC�rP@phkr V
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• �
hG]tr0atcduvnM��]jC0r0h%qbr0a g rP@B@ir0hboLr0ctuvn M fihbqbfpoL\Lr0f�]|W r�f G r0adqblbhbh`_bhboLr0h

• z�r�f�cd]^[Lat\�r0h G r0adqblbhbh`_bhkoYr0h \ [Lhbh qbfir�VOWYhbctficd]tr0hLC�X�fi]
qbr�a e4hG]^atWLZbfpr�W r�qbfphboL_bhbo �Lr0aj@ir�]jC�]scdr0fph
b e4hG]^adWYZ 6 � E�f c hbWL]xM$r0hbfio8f
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U|ZbZbadW ckfiX [ ]^fi�Lr {�yYct_bhko�qbr�cO}Ofir0X�[Lhbh � =gadWAWL@ir0X�cP\kh`_ba r�fph2X�f�]t]j@pr0adr0a ^ _bcd]^[Lhbq

gi+1/2,j =
a+

r f1(uij) − a−

l f1(ui+1,j)

a+
r − a−

l

+
a+

r a−

l

a+
r − a−

l

(ui+1,j − uij)

X�f�] qbr0h%w�fioYhM[T@ioYr0cduvn8M fihbqbfioY\Lr�fi]^r�h
a+

r = max {0, v1r + cr, v̄1 + c̄} ~ a−

l = min {0, v1l − cl, v̄1 − c̄} �
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g �LnL@pr
al = −∆x

∆t
, ar = ∆x

∆t

� _ [Lhkh'r�atoYfQWk] ctfiuvn

gi+1/2,j = 1
2
(f1 (ui+1,j) + f1 (ui,j)) −

∆x

2∆t
(ur − ul)

E�lba qM[LcO{�[�c � EMatfir0qbadfpuvnbc G r0adj>[�nbatr�h'X�_KS�qkfpr�I E"{ � z$r0qbfihboY_bhbo
∆x

∆t
> max {|v − c|, |v + c|}

r0fphkoYr0nM[ @i]^r�h�M�r�atqbr�h �
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U|_kj ]tr0fB@i_bhbo�qbr�a6E�@plbcdctrsfph2hM[�uvn'adr0uvnbc|@ [L_�jmr0hbqbr _bhkq'hM[�uvn @ifphb\`c�@ [�_kjmr0hbqkrlU|hG]^r�fB@pr \

f1(u) = f+
1 (u) + f−

1 (u)

_|r0aOh`_bX�r�atfictuvnbr�ER@i_LS�fpc�] qM[Lhbh

gi+1−2,j = f+
1 (uij) + f−

1 (ui+1,j)

�



��������� ��� &�� &)( "�� ,4(
	����
�

a ad_bhbqbfiqbr0r \T_|fp[LoYWYhb[T@pfictfpr�at_bhko qbr0a 5 [Lu0WAWkf � �'[�]^adf c A(u)
_bhbqJU
_kj ]^r�fB@i_bhboOqbr0aR_|f [LoLWYhM[T@iX [�]tatf c fih�r0fihbr

Z WYcdfi]tfi�Yr�_bhbq r0fihbr�hbr�oG[�]tfi�Yr � �'f�] qbr�h�e4fioYr0h M$r0ad]tr0h
a1 = v1 − c, a2 = a3 = v1, a4 = v1 + c

r�atoYfQWk]
ctfpuvn

f±

1 =













f±

1,1

f±

1,2

f±

1,3

f±

1,4













=





















ρ

2γ

(

2 (γ − 1) a±

2 + a±

1 + a±

4

)

f±

1,1v1 +
(

a±

4 − a±

1

) ρc

2γ

f±

1,1v2

f±

1,1

v2
1 + v2

2

2
+

(

a±

4 − a±

1

) ρcv1

2γ
+

(

a±

4 + a±

1

) ρc2

2γ(γ − 1)





















.

_ [TW�r0f�W r�C0r�fpuvnbhbr.]
a±

i

qbr�h'Z�WYctf�]^f��Yr0h2WEqbr0a hbr�oG[�]tfi�Yr�h%e4fioYr0h M$r0ad]
ai

~;[ @pctW

a+
i = max(ai, 0) =

{

ai
j>[T@B@ic

ai > 0
0

ctWYhkcd]

a−

i = min(ai, 0) =

{

ai

j>[T@B@ic
ai < 0

0
ctWYhkcd]
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^ r0fi]tctuvnbadfi]d]�\y@ir0fihbr0a�M fiatq � _|[�jmlba4M fpadq X�fi]3qbr0a��YWLh�w�nkWY\`fph"! �$# _bhbq g [LadX�fihbo _bhbqxz76Lr�]d]%! �
# r�h`]xM fiuv\Lr�@ �]^r0h �'r.]^nbWEqbrsqbr�a6_
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