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Idea: 

MUSCL: Use piecewise linear reconstruction of the data
to obtain 2nd order accuracy
Limiter needed for slope calculation

ENO: Use piecewise polynomial reconstructions
to obtain higher order
Selection criteria needed which polynom to use

WENO:   Use all possible polynomials in weighted form

12. ENO/WENO Schemes
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Godunov‘s Theorem: 

Any linear monotone scheme cannot 
be better than first order accurate.

Monotone schemes of higher order need some nonlinearity
(data dependency) in their construction in order to circumvent 
the above-mentioned theorem. For second order FV schemes, 
the nonlinearity lies in the limiter function, for ENO/WENO 
schemes, the nonlinearity lies in the stencil selection which is 
done in a data dependent way, using smoothness criteria.
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Stencil Selection
Stencil selection is the only part that strongly depends on the type of mesh chosen.

Requirements:

• number of stencils should be low
to keep computational costs low

• stencils should be small in diameter 
and centered to obtain high accuracy

• one-sided stencils should also be used
for the case of non-smooth data 
( used in WENO approach to avoid 

interpolation across discontinuities )

Selection on triangulations:

• sequence of neighboring triangles
• sectorial search
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WENO  Reconstruction

Final polynomial is obtained by a weighted sum of reconstructed polynomials

where the weights depend on the smoothness of the reconstructed polynomials pi(x,y).
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WENO  Reconstruction

An appropriate oscillation indicator is given by

and is used to compute the non-linear weight through

with

Typically, we choose  ε = 10 – 4 and  r = 4.
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The Euler equations read as

Representation of the state vector u in terms of basis functions Φ

( ) 0=+ Fdivut [ ]Tpwvuu ρ= [ ]CuBuAuF =

)()(ˆ:),(
)()(ˆ...)()(ˆ)()(ˆ),( 1100

xtutxu
xtuxtuxtutxu

ll

NN

Φ=
Φ++Φ+Φ=

Index notation: Summation from l = 1 to N 

13. Discontinous Galerkin Finite Element Methods
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Multiplication with test functions Ψk

and integration by parts

Inserting the expansion for u and a numerical flux Fh on 
the cell boundaries yields the semi-discrete version of the DG
scheme. The numerical flux can be any exact or approximate
Riemann solver.

( ) 0=⋅Ψ+⋅Ψ ∫∫∫∫∫∫
ΩΩ

dVFdivdVu ktk

13. Discontinous Galerkin Finite Element Methods

( ) 0=Ψ−⋅Ψ+⋅Ψ ∫∫∫∫∫∫∫∫
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r
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Scalar advection equation 
ut+aux=0

with the numerical flux (upwind, 1st order)

Finite Element scheme

Representation of u as 
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Choosing Ψ=Φ and introducing the expansion for u, the scheme simplifies to
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Choosing Ψ=Φ and introducing the expansion for u, the scheme simplifies to

and further to

with
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(ODE)

(ODE) can be integrated in time with a classical Runge-Kutta scheme

Runge-Kutta Discontinuous Galerkin Method

Mass Matrix Stiffness Matrix

Right Flux Matrix Left Flux Matrix


