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10. Boundary Conditions

Linear advection equation
u +al, =0 in [a,b]xD

Initial - Boundary value problem
a>0

compatibility condition at X =b

Numerical approximation with upwind scheme

a>0:

u' =yl ——Bl[ﬁu —ull)

boundary values are necessary at x = a only

[physical situation

Upwind - schemes automatically capture the physics




Linear Systems

u +Am, =0 , A mxm matrix
Eigenvalues

a,<a,<..<a;<0<a, <..<a,

left boundary x =a:

boundary conditions

m-J compatibility conditions

Boundary Conditions for the Euler Equations

1. Supersonic Inflow

boundary

3 boundary values are necessary




2. Subsonic Inflow

2 boundary values, e.g. p,U

1 compatibility condition

characteristic ‘thnry

3. Subsonic flow

1 boundary value

2 compatibility conditions

s 9 (] (),




4. Supersonic Outflow

C, C_
Q+ Q_

3 Compatibility conditions (*), (**) and

( 2cj 2CJ
v+ =|lv
y=1), 0.

Remarks ,,Boundary Conditions*

Upwind schemes usually capture the physical
situation, proper information is incorporated.

Characteristic boundary condition are usually
necessary for central differencing.




Practical Implementation

Specify appropriate
values in a dummy
grid zone

dummy
grid zone

wall non-reflecting

P~V D | PV, D PV Py | PV Py

11. FV-Schemes in Multi Dimensions

Two-dimensional Euler equations

u,+ filu). + flu), =

PV
pvlz tp

PV, Vv,

£lu)=

equation of state

p:(y—l)pg ’ e:p£+%p(\,12+v22)




Quasilinear form

u,+ Au, +Bu, =0

Eigenvalues
a, =

bl

Eigenvectors




FV-Scheme in Cartesian Grids

Dimensional splitting

u, + fi(u), =0
u, + fo(u), =0

in every time step one after the other: x-step, y-step

Yy 4
yi+%

FV - Scheme

Y% A )

8in; = g, ;,u, ;) fluxinx -direction

hi,ﬂ% =g(u, ;,u;,) fluxiny-direction

2nd order accuracy: MUSCL - scheme




Riemann problem into x- or y- direction

t

A

Solution is quite the same as in one dimension

Additionally " for X< v
V2 (X, t) = 2,1 t 1,1

X
v,, for +>v,

.

y - direction : Change x and yand v, and v,

Roe - Method

Additional Roe mean value

- _ '\[prv2,r + plv27/

[0 + [p
‘\//ur '\//ul

Flux — Vector Splitting Schemes

Simple extension to 4 equations




5 b= +af +at)

Steger-Warming tlux into x-direction

fzi,l B’l

f2i,1 v, +(azi1 _af)ﬁ

2y

fﬂ:—l%%i f) §Y2+(4+a

Steger-Warming flux into y-direction




Mach number M

Flux to the right

Flux to the left

Mz=1

M<-1

Flux-vector splitting method of van Leer, x-direction

Mach number M

Flux to the right

Flux to the left

Mz=1

M<-1

Flux-vector splitting method of van Leer, y-direction




FV-Schemes in General Grids

Conservation equation

u, +0@(u)=0 in Dx]0,T]

D=UC,, C,nC,=® fir j#k

Boundary 0C; piecewise smooth

Integration over C; x [tn , th]

Unstructured grids

=y —LT [ o) dsat

i
cf i

evolution equations for mean values

FV -scheme

approximation of flux




Godunov-Type Schemes

=~ R s
f,z—f( (03w, )) G

w solution of the Riemann problem at C; and C**

Adaptivity
adaptive approximation via Riemann solution
local Grid refinement based on error indicaters or

errror estimates

Calculaton of the Flux into Normal Direction

]

Fp= J: ( 1f1(“)+nzf2(”))ds dt

Use rotational symmetry of Euler equations

n fy(u) +n, f,(u) = T_lfl(Tu)




v, normal velocity component

Vv, tangential velocity component

Solve Riemann problem

u, + @), =0

U(Z,O):{Zl for { <0

for { >0

r

Numerical flux of Godonov‘s method

8~ T_lfl (ﬁRP(Os ﬁ/sﬁr))

Riemann problem in x - direction

t

Solution is quite the same

Additionally

v,(x,t) =




