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7. Godunov — Type Schemes

Preliminaries

Simplest flux calculation
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only stable by adding artifical viscosity
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Jameson scheme for transonic flow
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sophisticated choice of dissipation

Godunov‘s Idea
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Piecewise constant solution

Solve the local Riemann problems exactly

Average the exact solution




Formulation as Finite-Volume-Method
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Numerical flux of the Godunov-method

Properties

* exact conservation

* nonlinear wave propagation incorporated
* adaptivity




Approximate Riemann Solution
: w=w(x/t;u;,u,) is defined to be an approximate
Riemann solution, if the following is valid:
1. a, smallest, a, largest signal velocity

2. Consistency with the integral conservation

[0 wlsatuu ) ax =2 (o, +u )= ae(r(u, )= (w,)

3. Consistency with the integral entropy condition
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At small enough ;
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3. Consistency with the integral entropy condition

™2 Uw(x/Bt;u,,u,)) dx < A2X(Ul +U,) = &(F(u, )~ Flu)))

-Ax/2

At small enough




Godunov-Type Methods

: A method is called Godunov-Type Scheme, if it
satisies

u;l+1:A1X OAx/zw(X/At;u?_“u?)dX+A1Xfo/zw(x/At;uf‘,ufﬂ)dX

where w is an approximative Riemann solution.

: A Godunov-type scheme may be written in the
conservation form with the numerical flux:
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The Roe Scheme

Roe-Linearization, P. Roe (1981):
u, +A,u =0inRxR"

u(x.0) = {

u, fiirx <0

u, flirx>0

A, =A (u,,u,) is called Roe matrix
1. Ay(wu)=A(un)
2. A, diagonalizable
3. Mean value property:

f(ur) - f(ul) =A, (ur _ul)




: The solution of the linearized RP satisfies the
consistency with the integral conservation if and
only if 4, satisfies the meanvalue property.

Roe mean values for a perfect gas




Solution of the linearized Riemann problem

1. Transformation
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Numerical Flux of the Roe Scheme
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Usually the average is taken
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Properties of the Roe-scheme

A single shock wave or a single contact discontinuity is
resolved exactly.

The Roe method may violate the consistency with the
entropy condition at strong rarefactions

Underestimation of wave velocities at rarefactions
(Einfeldt, Roe, Munz, Sjogreen, J. Comput. Phys. 92 (1991), 272-295).

Entropy-fix:

-~ _la, for ‘a13‘>6
a13 — : o
0 otherwise

The Method of Harten, Lax and Van Leer

Simplest Godunov-type scheme




HLL Approximate Riemann Solution
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Consistency with integral conservation

_au, mau —f(ur)+f(u1)
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Numerical flux

gHLL(ul’ ur) = a: f(ul+)_ai f(ur) + a+r+ al_-
a, —a, a, —a,

(ur - ul )
Calculation of signal velocities

a, =m1n{v, —c,,v—%

a, :max{vr -c,., v+3




Method of Lax — Friedrichs

AX AX

CFL - condition
AX

A—t>max{‘v—c, V+C}

numerical flux

Eir (u19 ur)

(no upwind - scheme)

Riemann solver

contact
rarefaction discontinuity

shock wave

Godunov-scheme Roe-scheme HLL-scheme
(Harten, Lax, van Leer)

Exact solution of Exact solution of A priori estimates of
Riemann problem, lin. Riemann problem, the fastest wave speeds,
fixed point problem theory of characteristics




8. Flux-Vector Splitting Methods

Splitting of the flux

sl e )

non-negative EW
non-positive EW

Numerical flux

Flux-Vector Splitting of Steger, Warming

Flux of Euler equations is homogenious of degree 1:

f(au):af(u) for all alll

Aly)=42)

du

Idea: Diagonalization of the Jacobian matrix A(u), splitting of the

diagonal matrices into a ,,positive and a negative one*




Diagonalization
A=R'AR with\:= diag(v —C,V,V +c)

Splitting of A\

with \" :=diag\a; ,a;,a;
A=A +A, g(l 2 3)
with I\ = diag(al',az_,a;

Splitting of flux: ™~ (u)
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g(ui’uiﬂ):f+(ui)+f_(ui+l)
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Steger-Warming flux into x-direction




Mach number M Flux to the right Flux to the left

= Em+1)
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