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1. Equations

Conservation equation
e.g.: Mass conservation

: normal                 

mass in V     :

continuum assumption,      density

nr

ρ

nr

Ω

dV
V
∫ ρ
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1. Equations

Conservation equation
e.g.: Mass conservation

: normal                 

mass in V     :

continuum assumption,      density

nr

ρ

nr

Ω
No mass can appear or disappear

dSnfdV
dt
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Change of mass in V flux through boundary

continuously differentiable

(Gauss theorem)

V arbitrary

⇔

dSnfdV
dt
d

V
m

V
∫∫
∂

⋅−= rρ

mf,ρ

( )∫ =⋅∇+ρ
V

mt 0dVf

( ) 0=⋅∇+ vt ρρ
⇒
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The Compressible Navier-Stokes Equations

Equation of state:

( ) 0ρvρ t =⋅∇+

( ) ( )( ) τpvρvρv t ⋅∇=∇+⋅∇+ o

( )( ) qv)(τpevet ⋅∇+⋅∇=+⋅∇+

( ) ( )( )2
2
1 ρve1γρε1γp −−=−=

pressure
viscous stress tensor
heat flux vector

p
τ
q

density
speed
total energy

ρ
v
e
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Euler Equations

Equation of state:

( ) 0ρvρ t =⋅∇+

( ) ( )( ) 0pvρvρv t =∇+⋅∇+ o

( )( ) 0pevet =+⋅∇+

( ) ( )( )2
2
1 ρve1γρε1γp −−=−=

pressurepdensity
speed
total energy per unit
volume

ρ
v
e
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Equations of Fluid Dynamics

Compressible Navier-Stokes equations

Conservation equations for mass, momentum and energy 
with viscosity and heat conduction

hyperbolic – parabolic

Incompressible Navier-Stokes 
equations

parabolic – elliptic

0
v

→=
c

M

Euler equations
gas dynamics

hyperbolic

∞→Re
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2. Finite Volume Schemes

( ) [ ]T,0Din  0ufut ×=⋅∇+

smooth piecewise  boundary  

für       ,

j

kjj
j

C

kjCCCD

∂

≠Φ=∩=U

iC

Discretization of space

Grid
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( )( ) dtdSntxufuCuC n

n j

t

t C

n
jj

n
jj ∫ ∫

+

∂

+ ⋅−= 1   ,1 r

[ ]1nnj t,tCover n Integratio +×

Evolution equations for mean values

Direct approximation of the integral conservation laws:
Finite volume scheme

Basic part: Appropriate approximation of the flux,
numerical flux
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Finite Volume Scheme in One Dimension
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Finite Volume Scheme – Scheme in Conservation Form
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3.  Linear Advection Equation

ℜ∈=+ auau xt ,0

sticscharacteri

( ) ( ) a
dt

tdxtxx == with:C

:Solution

( )( ) satisfies ttxuufunction  A ,=

( )( ) xt uauttxu
dt
d +=,

C alongconstantSolution =⇒ uu
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Solution of Initial Value Problem

( ) ( ) ℜ∈= xxqxu allfor0,

x

t

P

00 tax − 0x

( ) a
dt

tdx =

( ) ( ) txtaxqtxu ,allfor, −=
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Upwind Scheme
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(CFL-Condition)

16

CIR – Method
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Reformulation of the CIR-Method I, Godunov‘s Idea

x

u

xi-1/2 xi+1/2 xi+3/2

n
iu

[ ]1/2i1/2-i
n
i

n
i x,x  for x    u(x)u +∈=

Godunov‘s Idea

constant piecewise un
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1. Solve the initial value problem

[ ]1/2i1/2-i
n
i

n

n
xt

x,x  for x    u(x)u
with

Rfür x (x)u  u(x,0) , 0auu

+∈=

∈==+

x

u

xi-1/2 xi+1/2 xi+3/2
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1a
∆x
∆t :conditionCFL,∆t)dxu(x,

∆x
1:u

1/2i

1/2i

x

x

n
i ≤−= ∫

+

−

Result: CIR-method

x

u

xi-1/2 xi+1/2 xi+3/2

2. Average the exact solution
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Reformulation of the CIR-Method II
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Upwind-type Flux Calculation

)u(ua
∆x
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Result: CIR-method
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Reformation of the CIR-Method III
Riemann Problem
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1
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Result:  CIR-scheme
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A matrixmm ×

4. Systems of Advection Equations

0=+ xt Auu

eigenvectors 





= mrrrR ...21

Diagonalisation ( )maadiagARR ,...,: 1
1 =Λ=−

maaa <<< ...21m distinct eigenvalues
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How to use the diagonalisation of A?

0=+ xt Auu⋅−1R

011 =+ −−
xt AuRuR

( ) ( ) 011 =Λ+ −−
xt uRuR

Characteristic form
0=Λ+ xt ww

uRw 1−= characteristic variables
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Application of the CIR–method to the characteristic form 
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CIR – Method for Systems, Flux-Splitting Form
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Reformulation as FV - scheme
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CIR – Method for Systems, Godunov-Type Form

( ) ),;0(, 11
2

1 +++
== iiRPiii

uuAuuugg

Numerical flux

x

t
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t
x = 2a
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x = 3a

t
x =

2
x∆−

2
x∆

Solution of the Riemann problem RPu
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5. Scalar Conservation Laws

( ) 0=+ xt ufu

Quasilinear form
( ) 0=⋅+ xt uuau

Example:   Burgers´ – equation, ( ) 2

2
1 uuf =

0=⋅+ xt uuu

Charakteristics:

( )txxC =: with
( ) ( )ua

du
udf =

u = constant along C
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Riemann problem
Example 1:

( )



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<+

==+
0for1
0for1

0,,0
x
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xuuuu xt

x

t

1−=ru1=lu
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t
x 1=

t
x

Intersection of characteristics => shock wave
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Riemann problem
Example 2:
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
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0,,0
x
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xuuuu xt

x

t
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Divergence of characteristics => rarefaction wave
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t
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t
x



— The Underlying Equations   —
CFD01-17

33

Solution of the Riemann problem
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Solution of the Riemann problem
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Godunov´s Method for Burgers´ equation

( )n
i

n
i

n
i

n
i gg

x
uu 2/12/1

1 ∆t
−+

+ −
∆

−=

( )
( )
( ) ( )
( ) ( )
( )













<<
><

<>
>>

=

− else0
0,for
0,for

0,for
0,for

),(

flux numerical with the

1a
uauuuf
uauuuf
suuuf
suuuf

uug

rrlr

lrll

rlr

rll

rl

1:,: +== iril uuuuwith


