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1. Equations

Conservation equation
e.g.: Mass conservation

massinV _[PdV
V

continuum assumption, 0 density

1. Equations

Conservation equation
e.g.: Mass conservation

massinV I,OdV
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continuum assumption, 0 density




Change of massin V< flux through boundary

d
A oav == f Gds
dtlpV a[yfm

P, [, continuously differentiable

j(pt +00,)dV=0  (Gauss theorem)

v

V arbitrary —>

The Compressible Navier-Stokes Equations
p, +Dfpv)=0
(pv), +O(pv)ev)+Op =00
e, +00v(e+p))=0cE)+0HQ

p density p pressure

v speed T  viscous stress tensor

e total energy q heat flux vector

Equation of state:  p=(y-1)pe=(y—1)e~<pv?)




Euler Equations

p, +0pv)=0
(pv), +O(pv)ev)+Op =0

€, +D[ﬂv(e+p))=0

density p pressure
speed

total energy per unit
volume

Equation of state: p=(y-1)pe=(y-1)

Equations of Fluid Dynamics

Compressible Navier-Stokes equations

Conservation equations for mass, momentum and energy
with viscosity and heat conduction

hyperbolic — parabolic

ReHOO/

Euler equations Incompressible Navier-Stokes

gas dynamics equations

hyperbolic parabolic — elliptic




2. Finite Volume Schemes
u, +0@F(u)=0 in DX[O,T]

Discretization of space

Grid

D= C,. C;nC, = fir j#k
J

boundary 0C; piecewise smooth

Integration over C; X [tn , th]

et =le e = [ rlule.r)) ds d

J| 7

Evolution equations for mean values

Direct approximation of the integral conservation laws:
Finite volume scheme

Basic part: Appropriate approximation of the flux,
numerical flux




Finite Volume Scheme in One Dimension

X X, X

A=l i i

i+1
Integration over [Xi_m , XH/Z] ><[trl , tn+|]

toat Xivi2 thar Xi/2

t 3

th Xiop th X

_.n_ At

=y’ -— .n+ - ?
Y (812 = Lip)

u’ approximates — ju(x,tn)dx

Xi-112

n+l

t
81 approximates —- j FU(X;py 0t )t




3. Linear Advection Equation

u, tau =0 ,alllO

Solution :
C: x= x(t) with dx(t) =a
dt

A function u =u(x(t),t) satisfies

% u(x(t),t) =u,tau,

u Solution = u =constant along C

Solution of Initial Value Problem

u(x,O) = q(x) forall x




Upwind Scheme

stable for

CIR — Method

Courant, [saacson, Rees (1946)

At |u! —u’, for a>0
u[’“l = uin —a ln I I’ll
Ax |y, —u' for a<0

i+l

Reformulation




Reformulation of the CIR-Method I, Godunov‘s Idea

Godunov‘s Idea

u A -

X Xz X132

u" piecewise constant

r h |
u; (x) =u; torx U [X;,X 4]

1. Solve the initial value problem

—T 0

Xz Xinp Xis3/2

u, +au, =0,u(x,0)=u"(x) fiir xR
with

n — n
u’(x)=u; forx [ [Xi-1/2>Xi+1/2]




2. Average the exact solution

A

| ey

Xz Xip Xi32

Xi+1/2

ju(x, At)dx, CFL —condition : % |
X

Xi-1/2

Result: CIR-method

Reformulation of the CIR-Method II

i1 X; Xis1

i i

Integration over [X1 12X 1+1/2] [tn’ n+|]

toa XT/;(Xa f)dx + T XT/;u(X, t)dxdt =0

th Xiip th Xiip




Axu" —Axui =Atgl,, -Atgl,

with

Xi+12

. 1
approximates — J.u(x,tn)dx
Ax

n

u.

1

i-1/2

. 1
2.4, approximates o jau(xi+1/2,t )dt
ty

Numerical flux: g4, = g(u;,u;4;)

Upwind-type Flux Calculation

- gu.u.) = au; for a>0
e i au,, for a<0

—,t -
=a'u, tawu,,
Scheme in conservation form

At +,..n n At - /.0 n
Po=u-—a(u —ul)-—a (ul, —uy)
AX AX

Result: CIR-method




Reformation of the CIR-Method III
Riemann Problem

u, for x<0

u, for x>0

u, tau, = 0; u(x,0) = {

. At
u —— (8 — 80
P Ax (8in1n ~ 8ici)

with

Zinp =8, uy,,) =aug, (0;u;,uy,,)

CFL - condition :ﬁ a<l
Ax

Result: CIR-scheme




4. Systems of Advection Equations

u,+Au =0 A m xm matrix

m distinct eigenvalues  a, <a, <...<a,,

m

eigenvectors R:(rl 7 oo rj

Diagonalisation ~ R™AR= A =diag(a,....,a,)

How to use the diagonalisation of A?

R‘l[‘] u, +Au =0

R, +R"Au, =0
(Ru), +A(Rw), =0

Characteristic form
w,+Aw_=0




Application of the CIR-method to the characteristic form

W ) - %/\_ (Win+1 - Win)

N = diag(af, a,,. a+)

ey m

N = diag(af, a,,. a')

Y m
Backtransformation u = Rw

Rw'™ = Rw" _%RNR_I (w7 —u?_l)‘%RA_R_I (r =)

1 1

CIR — Method for Systems, Flux-Splitting Form

u’ —ED‘f(un -u’ )—%Dll_(u" -u’

i i i-1 i+l i

with A" =RA'R"' . A =RAR™

b

Reformulation as FV - scheme
— ( ) —_ A+ n + A— n
gi+% —8\U; Uy ) — U; Uiy

numerical flux




CIR — Method for Systems, Godunov-Type Form

Solution of the Riemann problem u,,

Numerical flux

\

gi+% = g(“n ”[+1) = Augp (O;u;,u,,,)

5. Scalar Conservation Laws

ut + f(u)x = O
Quasilinear form

u, +a(u)|]t =0

X

, 1
Example: Burgers’ — equation, f (u) = EuQ

u,+uld, =0
Charakteristics:

C: x= x(t) with

df (u) _ A0

u = constant along C




Riemann problem

Example 1:

u, tuu =0 u(x,O)Z

+1 for x<0
-1 for x>0

Intersection of characteristics => shock wave

Riemann problem

Example 2:

-1 for x<0
u, tuu =0 u(x,O):
+1 for x>0

X

Divergence of characteristics => rarefaction wave




Solution of the Riemann problem

u, >u, : shock wave

x
u, for —<s
u(x,t)— )tc
u, for —>s

Solution of the Riemann problem

u, <u, : rarefaction wave

u, for §<a(u,)

ulr.)= (_J else

t

u, for §>a( r)

a'(u) inverse function of a(u)

a,X, X , .
a’(5) for Burgers” equation
4 t




Godunov’s Method for Burgers” equation

n n
(gi+l/2 gi—l/z)

G

with the numerical flux
u,>u,
u,>u,
u,<u,
u, <u,

else

u,=u, U, =u,

14




