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Program (Symmetric Systems)
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• A positive definite

– Conjugate Gradient (CG)

– Conjugate Residual (CR)

• A indefinite

– MINimal RESidual (MINRES)

– SYMMetric LQ (SYMMLQ)



Program (Nonsymmetric Systems)
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• Fast Convergence

– Generalized Minimal RESidual (GMRES)

• Efficient Implementation

– BI Conjugate Gradient (Bi-CG)

• Both

– Bi-CG STABilized (Bi-CGSTAB)

– Quasi Minimal Residual (QMR)



Stable Implementation (Symmetric)
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• CG classical (–)

• CG stable (- -)



Stable Implementation (Nonsymmetric)
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Introduction



The System
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Ax = f, A ∈ RN×N ,

whereA is in general (non)symmetric andlarge.

Large systems have structure:

• A = [ajk] is sparse, i.e.,ajk = 0 for mostj, k

• A is dense and somehowstructured

Consequently: matrix-vector productsA·v (andAT ·w) can be computed cheaply.

Typically:O(N) orO(N logN) work, instead ofO(N 2)



Notation
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System Ax = f

Solution x∗
Initial guess x0

Error εn = x∗ − xn

Residual rn = f − Axn(= Aεn)



Polynomial Based Iteration Method (Definition 1/2)
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Iteration polynomial
xn = x0 + qn−1(A)r0

Residual polynomial

rn = f − Axn

= f − A(x0 + qn−1(A)r0)

= (I − Aqn−1(A))r0

= pn(A)r0,

where
pn(t) = 1− tqn−1(t).



Polynomial Based Iteration Method (Definition 2/2)
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Polynomial based method

xn = x0 + qn−1(A)r0, qn−1 ∈ Πn−1

rn = pn(A)r0, pn ∈ Πn, pn(0) = 1

Krylov Subspace

Kn(A, r0) := span{r0, Ar0, A
2r0, . . . , A

n−1r0}

Consequently

xn ∈ x0 +Kn(A, r0), rn ∈ Kn+1(A, r0)



Polynomial Based Iteration Method (Design 1/2)
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Scheme
rn = pn(A)r0, pn ∈ Πn, pn(0) = 1

Goal: drivern to 0 as fast as possible with little storage requirement

Design principles:xn defined by a

• Minimal residual property (fast convergence)
CR, MINRES, GMRES

‖rn‖ = ‖pn(A)r0‖ = min{‖p(A)r0‖ : p ∈ Πn, p(0) = 1}



Polynomial Based Iteration Method (Design 2/2)
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• Galerkin condition (efficient implementation)
CG, SYMMLQ, BiCG

〈̂rn, rj 〉̂ = 0, j < n ⇔ 〈pn, pj〉 = 0, j < n

• Both

– Symmetric system
CR, CG, MINRES, SYMMLQ

– Nonsymmetric system
≈ BiCGSTAB,≈ QMR



Orthogonal residual
polynomials



Residual Polynomials (Orthogonality)

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 15

Orthogonal residual polynomials

〈pj, pk〉 =

{
= 0 for j 6= k
> 0 for j = k

, degpj = j

Fourier-expansion

tpj−1(t) =

j∑
k=0

〈tpj−1, pk〉
〈pk, pk〉

pk(t)

=

j∑
k=0

〈pj−1, tpk〉
〈pk, pk〉

pk(t)

=

j∑
k=j−2

〈tpj−1, pk〉
〈pk, pk〉

pk(t)



Three-term recurrence relation
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Three-term recurrence relation

p−1(t) := 0, p0(t) = p0,

γjpj(t) = (t− αj)pj−1(t)− βjpj−2(t), j ≥ 1

γj =
〈tpj−1, pj〉
〈pj, pj〉

, αj =
〈tpj−1, pj−1〉
〈pj−1, pj−1〉

, βj =
〈tpj−1, pj−2〉
〈pj−2, pj−2〉

Interpolatory constraint

pj(0) = pj−1(0) = pj−2(0) = 1 ⇒ γj = −(αj + βj)



Stieltjes procedure
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Set
p−1(t) := 0, p0(t) = 1,

For j = 1, 2, . . . compute

αj =
〈tpj−1, pj−1〉
〈pj−1, pj−1〉

, βj =
〈tpj−1, pj−2〉
〈pj−2, pj−2〉

,

and

−(αj + βj)pj(t) = (t− αj)pj−1(t)− βjpj−2(t).

End



Polynomial Based Iteration (Implementation 1/2)
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rn = pn(A)r0,

where
γnpn(t) = (t + (γn + βn))pn−1(t)− βnpn−2(t).

Consequently

γnrn = (A + (γn + βn)En)rn−1 − βnrn−2

= γnrn−1 + Arn−1 + βn((f − Axn−1)− (f − Axn−2))

= γnrn−1 + A(rn−1 + βn(xn−2 − xn−1)).

This leads to

rn − rn−1 =
1

γn

A(rn−1 + βn(xn−2 − xn−1)) =: − 1

γn

Awn−1,

where

wn−1 = βn(xn−1 − xn−2)− rn−1 =
βn

γn−1
wn−2 − rn−1.



Polynomial Based Iteration (Implementation 2/2)
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Note

rn − rn−1 = (f − Axn)− (f − Axn−1) = −A(xn − xn−1).

Update formulae

xn = xn−1 +
1

γn

wn−1,

rn = rn−1 −
1

γn

Awn−1.



Prototype Algorithm
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Given the orthogonal residual polynomial

γnpn(t) = (t + (γn + βn))pn−1(t)− βnpn−2(t),

the next algorithm implements the polynomial based methodrn = pn(A)r0.

Set
w−1 := 0, r0 = f − Ax0.

Forn = 1, 2, . . . compute

wn−1 =
βn

γn−1
wn−2 − rn−1,

xn = xn−1 +
1

γn

wn−1,

rn = rn−1 −
1

γn

Awn−1.



Conjugate Residual (CR)



Minimal Residual Property (general 1/2)
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Scheme
rn = pn(A)r0, pn ∈ Πn, pn(0) = 1

Minimal residual property

‖rn‖2 = ‖pn(A)r0‖2 = min{‖p(A)r0‖2 : p ∈ Πn, p(0) = 1}

(CR, MINRES, GMRES)



Minimal Residual Property (general 2/2)
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Note:
‖rn‖22 = rT

n rn = rT
0 pn(A)pn(A)r0 =: 〈pn, pn〉MR

Inner product (w.r.t.A andr0)

〈p, q〉MR := rT
0 p(A)q(A)r0.

Minimal residual property (equivalent formulation)

Find a polynomialpn ∈ Πn, pn(0) = 1, such that

〈pn, pn〉MR ≤ 〈p, p〉MR for all p ∈ Πn, p(0) = 1.



Minimal Residual Property (explicit solution)
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Orthonormal polynomials
〈ψj, ψk〉MR = δj,k

Kernel polynomial

pMR
n (t) =

∑n
j=0 ψj(0)ψj(t)∑n

j=0 ψj(0)2

Extremal property

〈pMR
n , pMR

n 〉MR ≤ 〈p, p〉MR for all p ∈ Πn, p(0) = 1.



Kernel Polynomials (properties)
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Reproducing property (defining property)

〈pMR
n , qn〉MR = qn(0), for all qn ∈ Πn.

Special case:qn(t) = tqn−1(t)

〈pMR
n , tqn−1〉MR = 0, for all qn−1 ∈ Πn−1.

Orthogonality

Kernel polynomialspMR
n are orthogonal with respect to the modified

inner product
〈p, tq〉MR = rT

0 p(A)Aq(A)r0

↪→ three-term recurrence relation



Conjugate Residual Method
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Polynomial based method w.r.t Kernel polynomials

rMR
n = pMR

n (A)r0

Extremal property

‖rMR
n ‖2 ≤ ‖pn(A)r0‖2, for all pn ∈ Πn, pn(0) = 1.

Conjugate residual

〈pMR
k , tpMR

j 〉MR = (rMR
k )TArMR

j = 0 for k 6= j

Three-term recurrence coefficients

αMR
j =

〈tpMR
j−1 , tp

MR
j−1〉MR

〈pMR
j−1 , tp

MR
j−1〉MR

=
(ArMR

j−1 )TArMR
j−1

(rMR
j−1 )TArMR

j−1



Prototype Algorithm
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Given the orthogonal residual polynomial

γnpn(t) = (t + (γn + βn))pn−1(t)− βnpn−2(t),

the next algorithm implements the polynomial based methodrn = pn(A)r0.

Set
w−1 := 0, r0 = f − Ax0.

Forn = 1, 2, . . . compute

wn−1 =
βn

γn−1
wn−2 − rn−1,

xn = xn−1 +
1

γn

wn−1,

rn = rn−1 −
1

γn

Awn−1.



Conjugate Residual Method (implementation, Stiefel 57)
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Set
wMR
−1 = 0, xMR

0 = x0, rMR
0 = r0.

Forn = 1, 2, . . . , until convergence

νMR
n =

βMR
n

γMR
n−1

=
(rMR

n−1)
TArMR

n−1

(rMR
n−2)

TArMR
n−2

wMR
n−1 = νMR

n wMR
n−2 − rMR

n−1, wMR
0 = rMR

0

ηMR
n =

1

γMR
n

=
(rMR

n−1)
TArMR

n−1

(AwMR
n−1)

TAwMR
n−1

xMR
n = xMR

n−1 + ηMR
n wMR

n−1

rMR
n = rMR

n−1 − ηMR
n AwMR

n−1



Conjugate Residual Method (convergence)
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Residual Polynomials (convergence 1/2)
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Eigenvalues and orthonormal eigenvec-
tors(A = AT )

Avj = λjvj, vT
j vk = δj,k

Initial residual

r0 =

L∑
j=1

σjvj, λ1 < λ2 < · · ·λL, σj 6= 0

Norm

‖rMR
n ‖22 = ‖pMR

n (A)r0‖22 =

L∑
j=1

σ2
j (p

MR
n (λj))

2



Residual Polynomials (convergence 2/2)
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Conjugate Gradient (CG)



Conjugate Gradient Method (energy norm)
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Recall:
rn = pn(A)r0, pn ∈ Πn, pn(0) = 1

rn = f − Axn = A(x∗ − xn) = Aεn ⇒ εn = pn(A)ε0

Note:

g(xn) =
1

2
xT

nAxn − xT
nf ; g′(xn) = Axn − f,

=
1

2
(x∗ − xn)

TA(x∗ − xn)−
1

2
xT
∗Ax∗

=
1

2
‖x∗ − xn‖2A −

1

2
xT
∗Ax∗

=
1

2
‖εn‖2A −

1

2
xT
∗Ax∗



Conjugate Gradient Method (definition)
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Minimize A-norm of the error (energy-norm)

‖εn‖A = ‖pn(A)ε0‖A = min {‖p(A)ε0‖A : p ∈ Πn, p(0) = 1}

Inner product (w.r.t.A andr0)

‖εn‖2A = εT
0 pn(A)Apn(A)ε0 =: 〈pn, pn〉GAL

Find a polynomialpn ∈ Πn, pn(0) = 1, such that

〈pn, pn〉GAL ≤ 〈p, p〉GAL for all p ∈ Πn, p(0) = 1.



Conjugate Gradient Method (Kernel polynomials)
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Solution: Kernel polynomialspGAL
n , orthogonal w.r.t.〈·, t·〉GAL

〈pGAL
j , tpGAL

k 〉GAL = (Aε0)
TpGAL

j (A)pGAL
k (A)Aε0

= rT
0 p

GAL
j (A)pGAL

k (A)r0

= (rGAL
j )TrGAL

k

= 〈pGAL
j , pGAL

k 〉MR = 0, j 6= k

The CG residual polynomials

pGAL
n (t) =

ψn(t)

ψn(0)

are rescaled orthonormal polynomials〈ψj, ψk〉MR = δj,k



Prototype Algorithm
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Given the orthogonal residual polynomial

γnpn(t) = (t + (γn + βn))pn−1(t)− βnpn−2(t),

the next algorithm implements the polynomial based methodrn = pn(A)r0.

Set
w−1 := 0, r0 = f − Ax0.

Forn = 1, 2, . . . compute

wn−1 =
βn

γn−1
wn−2 − rn−1,

xn = xn−1 +
1

γn

wn−1,

rn = rn−1 −
1

γn

Awn−1.



Conjugate Gradient Algorithm (Hestenes/Stiefel 52)
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Scheme
rGAL

n = pGAL
n (A)r0

with (Galerkin condition)

0 = 〈pGAL
j , pGAL

k 〉MR = (pGAL
j (A)r0)

TpGAL
k (A)r0 = (rGAL

j )TrGAL
k

Implementation

wn−1 = νnwn−2 − rGAL
n−1 , νn =

(rGAL
n−1 )TrGAL

n−1

(rGAL
n−2 )TrGAL

n−2

xGAL
n = xGAL

n−1 + ηnwn−1, ηn = −
(rGAL

n−1 )TrGAL
n−1

wT
n−1Awn−1

rGAL
n = rGAL

n−1 − ηnAwn−1



CG versus CR
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Inner product
〈p, q〉MR := (p(A)r0)

Tq(A)r0

CG

• residuals are orthogonal

(rGAL
j )TrGAL

k

= (pGAL
j (A)r0)

TpGAL
k (A)r0

= 〈pGAL
j , pGAL

k 〉MR = 0.

• minimizes the “A-norm” of the error

‖εGAL
n ‖A = ‖pGAL

n (A)ε0‖A.

CR

• residuals areA-conjugate

(rMR
j )TArMR

k

= (pMR
j (A)r0)

TApMR
k (A)r0

= 〈pMR
j , tpMR

k 〉MR = 0.

• minimizes the 2-norm of the residual

‖rMR
n ‖2 = ‖pMR

n (A)r0‖2.



CG versus CR (Residuals)
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log10

(
‖f − Axn‖2
‖r0‖2

)
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Laplace-matrix
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CG versus CR (Errors)
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log10

(
‖x∗ − xn‖A
‖ε0‖A
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CG versus CR (Residuals)
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CG versus CR (Errors)

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 43

log10
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Indefinite systems



Breakdown of CG
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Orthonormal polynomials
〈ψj, ψk〉MR = δj,k.

Recall:

rGAL
n = pGAL

n (A)r0, where pGAL
n (t) =

ψn(t)

ψn(0)
.

Fact:

CG breaks downat stepn iff ψn(0) = 0

(doesnot depend on the implementation)



Breakdown of CR
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Recall:

rMR
n = pMR

n (A)r0, where pMR
n (t) =

∑n
j=0 ψj(0)ψj(t)∑n

j=0 ψj(0)2
.

ψn(0) = 0 ⇒ pMR
n = pMR

n−1, (rMR
n = rMR

n−1, plateau)

⇒ 0 = 〈pMR
n , tpMR

n−1〉MR = 〈pMR
n−1, tp

MR
n−1〉MR

⇒ ηMR
n =∞ (γMR

n = 0).

Fact:

CR breaks downat stepn iff ψn(0) = 0

(does depend on the implementation based on the
three-term recurrence relation, (ψ0(0) 6= 0) )



Breakdown of CG/CR (1/2)

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 47

Eigenvalues and eigenvectors ofA

Avj = λjvj, λ1 < λ2 < · · · < λL, vT
i vj = δi,j

Initial residual

r0 =

L∑
k=1

σkvk

Orthonormal polynomials

〈ψi, ψj〉MR = (ψi(A)r0)
Tψj(A)r0 =

L∑
k=1

σ2
kψi(λk)ψj(λk)



Breakdown of CG/CR (2/2)
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Note

ψL(t) = c

L∏
k=1

(t− λk)

Interlacing property ofRitz values

ψn(θ
(n)
j ) = 0 ⇒

{
θ

(n)
j ∈ [λ1, λL]

λk ∈ [θ
(n)
j , θ

(n)
j+1]

A positive definite ⇒ ψn(0) = 0 impossible

A indefinite ⇒ ψn(0) = 0 possible



True and Updated Residual (CG)
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True and Updated Residual (CR)
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Stable Implementation (CG)
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Stable Implementation (CR)
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MINRES



MINRES (Idea)
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〈ψj, ψk〉MR = δj,k.

and

rMR
n = pMR

n (A)r0, pMR
n (t) =

∑n
j=0 ψj(0)ψj(t)∑n

j=0 ψj(0)2
.

Alternative

pMR
n (t) = 1− t

n−1∑
j=0

yjψj(t) = 1− tΨn−1(t)y

with

Ψn(t) := [ψ0(t), ψ1(t), . . . , ψn(t)], y := [y0, y1, . . . , yn−1]
T .



Jacobi Matrix
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Expansion (three-term recurrence relation)

tψj−1(t) =

j+1∑
k=j−1

hk,j ψk−1(t), with hk,j = 〈tψj−1, ψk−1〉

Example

tψ0(t) = α1ψ0(t) + β2ψ1(t)

tψ1(t) = β2ψ0(t) + α2ψ1(t) + β3ψ2(t)

tψ2(t) = 0 + β3ψ1(t) + α3ψ2(t) + α4ψ3(t)

Matrix notation

tΨ2(t) = Ψ3(t)

 α1 β2 0
β2 α2 β3
0 β3 α3
0 0 α4

 = Ψ3(t)H
E
3 .



Least-squares problem
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pn(t) = 1− tΨn−1(t)y

= 1− Ψn(t)H
E
n y

= Ψn(t)(dn −HE
n y), dn := ψ−1

0 e1,

and
〈pn, pn〉MR = (dn −HE

n y)
T (dn −HE

n y).

Least-squares problem

‖rMR
n ‖22 = ‖pMR

n (A)r0‖22
= 〈pMR

n , pMR
n 〉MR

= ‖dn −HE
n y

MR‖22.



Computing Orthonormal Polynomials

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 57

Orthonormal polynomials

βj+1ψj(t) = (t− αj)ψj−1(t)− βjψj−2(t)

αj = 〈tψj−1, ψj−1〉, βj = 〈tψj−1, ψj−2〉

Stieltjes procedure

Set

ψ−1(t) := 0, β1 =
√
〈1, 1〉, ψ0(t) = 1/β1

Iterate:j = 1, 2, . . . , n

αj = 〈tψj−1, ψj−1〉
ψ̂j(t) = (t− αj)ψj−1(t)− βjψj−2(t)

βj+1 = ‖ψ̂j(t)‖, ψj(t) = ψ̂j(t)/βj+1



Computing an Orthonormal Basis andHE
n
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Orthonormal polynomials

δj,k = 〈ψj, ψk〉MR = (ψj(A)r0)
Tψk(A)r0 = vT

j+1vk+1

provide orthonormal basis forKn(A, r0) = span{v1, v2, . . . , vn}.

Stieltjes procedure translates into theLanczos process

Set

v0 := 0, β1 =
√
〈1, 1〉 = ‖r0‖2, v1 = r0/β1

Iterate:j = 1, 2, . . . , n− 1

αj = 〈tψj−1, ψj−1〉MR = vT
j Avj

v̂j+1 = ψ̂j(A)r0 = (A− αjIN)vj − βjvj−1

βj+1 = ‖ψ̂j(t)‖MR = ‖v̂j+1‖2, vj+1 = v̂j+1/βj+1



Tridiagonalization
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Hn = Jn =


α1 β2 0 · · · 0
β2

. . . . . . . . . ...
0 . . . . . . . . . 0
... . . . . . . . . . βn

0 · · · 0 βn αn

0 · · · · · · 0 αn+1

 = JE
n = HE

n .

Tridiagonalization: from

tΨn−1(t) = Ψn−1(t)Hn + βn+1 ψn(t)e
T
n = Ψn(t)H

E
n

it follows
AVn = VnHn + βn+1vn+1e

T
n = Vn+1H

E
n

and
V T

n AVn = Hn.



MINRES (Implementation, Paige/Saunders 75)
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Recall
pMR

j (t) = 1− tΨj−1(t)y
MR

where
‖dj −HE

j y
MR‖2 = min{‖dj −HE

j y‖2 : y ∈ Rj}

vj ← Lanczos

cj, sj, rk,j ← Givens

ηj−1 = −sj−1ηj−2

wj = (vj − r2jwj−1 − r3jwj−2)/r1j,

xMR
j = xMR

j−1 + cjηj−1wj,

rMR
j = rMR

j−1 − cjηj−1Awj



MINRES (properties)
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• No breakdown possible

• Stable implementation of CG, if cj 6= 0 then

xGAL
j = xMR

j +
s2

j

cj
ηj−1wj

• Peaks and plateaus(s2
j + c2j = 1)

‖rMR
j ‖2 = |sj|‖rMR

j−1‖2, ‖rGAL
j ‖2 = ‖rMR

j ‖2/|cj|

• more expensive

Method Aw vTw αv + w storage
CG 1 2 6N 4
CR 1 2 8N 5
MINRES 1 2 12N 7



SYMMLQ



SYMMLQ (Definition 1/2)
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Krylov Subspace

Kn(A, r0) := span{r0, Ar0, A
2r0, . . . , A

n−1r0}

CG approach

‖x∗ − xGAL
n ‖A = min {‖x∗ − x‖A : x ∈ x0 +Kn(A, r0)}
rGAL

n ⊥ Kn(A, r0), rGAL
n = f − AxGAL

n .

CR, MINRES approach

‖f − AxMR
n ‖2 = min {‖f − Ax‖2 : x ∈ x0 +Kn(A, r0)}
rMR

n ⊥ AKn(A, r0), rMR
n = f − AxMR

n .



SYMMLQ (Definition 2/2)
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A ”non-feasible” approach

‖x∗ − xn‖2 = min {‖x∗ − x‖2 : x ∈ x0 +Kn(A, r0)}

An economic implementation requires the knowledge of the solutionx∗ . . .

SYMMLQ approach

‖x∗ − xME
n ‖2 = min {‖x∗ − x‖2 : x ∈ x0 + AKn(A, r0)}
rME

n ⊥ Kn(A, r0), rME
n = f − AxME

n .



SYMMLQ (Implementation, Paige/Saunders 75)
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Here
pME

j (t) = 1− t2Ψj−1(t)y
ME

where
(HE

j )THE
j y

ME = dj.

vj+1 ← Lanczos

cj, sj, rk,j ← Givens

ηj = −(r3jηj−2 + r2jηj−1)/r1j

wj = −sj−1wj−1 + cj−1vj,

xME
j = xME

j−1 + ηj(cjwj + sjvj+1),

rME
j = rME

j−1 − ηj−1A(cjwj + sjvj+1)



SYMMLQ (properties)
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• No breakdown possible

• Stable implementation of CG: if cj 6= 0 then

xGAL
j = xME

j +
ηj

cj
wj.

• Stability : More stable than MINRES (Sleijpen, van der Vorst, Modersitzki,
2000).

• Speed: May converge slower than MINRES, in particular for ill-conditioned
systems.

• Operation count:
Method Aw vTw αv + w storage
MINRES 1 2 12N 7
SYMMLQ 1 2 12N 6



MINRES versus SYMMLQ
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Nonsymmetric Systems



Nonsymmetric case (general 1/2)
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Scheme

xn = x0 + qn−1(A),

rn = pn(A)r0, pn(0) = 1, A 6= AT .

Ideal method

1. Fast convergence, e.g., minimal residual property

‖rn‖ = min{‖p(A)r0‖ : p ∈ Πn, p(0) = 1}.

2. Efficient implementation: work and storage requirement should not grow with
n (short recurrences).



Nonsymmetric case (general 1/2)
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Bad (or good)news

Polynomial based (Krylov subspace) methods with
(1) and (2) exist only for

A = eiθ(B + σIN), B = BT , σ ∈ C

Voevodin 83, Faber/Manteuffel 84



Nonsymmetric Systems (Program)
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• Fast Convergence

– Generalized Minimal RESidual (GMRES)

• Efficient Implementation

– BI Conjugate Gradient (Bi-CG)

• ”Both”

– Bi-CG STABilized (Bi-CGSTAB)

– Quasi Minimal Residual (QMR)

• ”Poor man’s version”

– CG, CR applied to the normal equations



Test matrix (1/2)
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Advection diffusion equation: vertical windw = (0, 1), no sourcef = 0,
simple geometryΩ = unit square

−ν∇2u +
∂u

∂y
= 0 in Ω

u = g on ∂Ω

System matrix (N 2 ×N 2 block tridiagonal)

A =


T1 T2 0
T3 T1 T2

. . . . . . . . .
T3 T1 T2

0 T3 T1


with Tj (N ×N ) tridiagonal.



Test matrix (2/2)
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Eigenvalues and eigenvectors

Avjk = σjk vjk, j, k = 1, 2, . . . , N,

with

σjk = λj + 2
√
µjγj cos

kπ

N + 1
,

vjk =

(√
γj

µj

sin
kπ

N + 1
uT

j , . . . ,

√
γj

µj

N

sin
Nπ

N + 1
uT

j

)T

and
T1uj = λjuj, T2uj = µjuj, T3uj = γjuj.



Advection-diffusion (example)
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log10

(
‖f − Axn‖2
‖r0‖2

)
against n, BiCGStab (–), GMRES (- -), BiCG (...)

Advection-diffusion
matrix

A ∈ R625×625



CG applied to the normal equations
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Normal equations come in two versions

ATAx = ATf

or
AATy = f, x = ATy.

If we apply CG to the first version, we obtain for thekth iterate

‖xk − x∗‖2AT A = (xk − x∗)TATA(xk − x∗)
= ‖A(xk − x∗)‖22 = ‖rk‖22

in the Krylov subspace
x0 +Kn(A

Tr0, A
TA).

This method is calledCGNR, where the letter ”R” indicates that the residual is
minimized (Hesteness, Stiefel, 53).



CG applied to the normal equations (Craig)
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If we apply CG to the second version,

AATy = f, x = ATy.

we obtain for thekth iterate

‖yk − y∗‖2AT A = (yk − y∗)TATA(yk − y∗)
= ‖A(yk − y∗)‖22 = ‖xk − x∗‖22

in the Krylov subspace

ATx0 + ATKn(r0, A
TA).

This method is calledCGNE, where the letter ”E” indicates that the error is min-
imized (Craig, 55).



CG applied to the normal equations (Properties)
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Properties:

• Short recurrences

• Optimality: regular convergence behaviour

• two matvecs one with thetransposematrix

• Condition number is squared: slow convergence



CGNR versus GMRES

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 78

0 50 100 150 200 250 300
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

log10

(
‖f − Axn‖2
‖r0‖2

)
against n, CGNR (–), GMRES (- -)

Advection-diffusion
matrix

A ∈ R625×625



GMRES



Symmetric versus Nonsymmetric (1/2)
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Recall

tψj−1(t) =

j+1∑
k=1

hk,j ψk−1(t), with hk,j = 〈tψj−1, ψk−1〉

Crucial observation:

• if 〈tψj−1, ψk−1〉 = 〈ψj−1, tψk−1〉 then

hk,j = 0, for k = 1, 2, . . . , j − 2

– Three-term recurrence relation

– Hn is tridiagonal



Symmetric versus Nonsymmetric (2/2)
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• if 〈tψj−1, ψk−1〉 6= 〈ψj−1, tψk−1〉 then (in general)

hk,j 6= 0, for k = 1, 2, . . . , j + 1

– No short recurrence

– Hn is full upper Hessenberg

”Our inner product”

〈p, q〉MR := (p(A)r0)
Tq(A)r0 = rT

0 p(A
T )q(A)r0

SymmetricA impliesshort recurrences

〈tψj−1, ψk−1〉MR = 〈ψj−1, tψk−1〉MR ⇔ A = AT



Computing an Orthonormal Basis (Arnoldi 51)
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Inner product, orthonormal polynomials, orthonormal vectors

δj,k = 〈ψj, ψk〉MR = (ψj(A)r0)
Tψk(A)r0 = vT

j+1vk+1

Orthonormal basis ofKn(A, r0) and entries ofHE
n

Set
v1 = ψ0(A)r0 = r0/‖r0‖2

Iterate:j = 1, 2 . . . , n− 1

hk,j = 〈tψj−1, ψk−1〉GAL = (Avj)
Tvk, k = 1, . . . , j

v̂j+1 = ψ̂j(A)r0 = (A− hj,jIN)vj −
j−1∑
k=1

hk,jvk

hj+1,j = ‖ψ̂j‖GAL = ‖v̂j+1‖2, vj+1 = v̂j+1/hj+1,j



GMRES (definition)
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Scheme
rn = pMR

n (A)r0

with minimal residual property

‖rn‖2 = min{‖p(A)r0‖ : p ∈ Πn, p(0) = 1}.

Implementation based on the same ideas as MINRES, that is

pMR
n (t) = 1− tΨn−1(t)y

MR = Ψn(t)(dn −HE
n y

MR)

wheredn = ‖r0‖2e1 and

‖dn −HE
n y

MR‖2 = min{‖dn −HE
n y‖2 : y ∈ Rn}

Note:HE
n has always full rank.



GMRES (implementation, Saad/Schultz 86)
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Implementation (main ingredients)

• Arnoldi process:vj andHE
j

• Least squares problem:yMR
j

• Update:

rj = Vj+1(dj −HE
j y

MR)

xj = x0 + AVjy
MR

Properties

• No breakdown possible

• Optimal w.r.t matvecs:m steps→m matvecs

• BUT: computational costsm2; memory spacem ↪→ restarted GMRES(m)



GMRES versus Restarted GMRES
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log10

(
‖f − Axn‖2
‖r0‖2

)
against n, GMRES(20) (–), GMRES (- -)

Advection-diffusion
matrix

A ∈ R625×625



BiCG



Bilinear Form (Formally Orthogonal Polynomials 1/2)
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〈p, q〉BI := (p(AT )s0)
Tq(A)r0 = sT

0 p(A)q(A)r0

(BiCG, BiCGSTAB, QMR)

Properties:

• short recurrences
〈tp, q〉BI = 〈p, tq〉BI

• 〈·, ·〉BI is not a positive definite inner product, there can exist polynomials
p 6= 0 of any degree such that

〈p, p〉BI < 0 or 〈p, p〉BI = 0 (⇒ breakdown)



Bilinear Form (Formally Orthogonal Polynomials 2/2)
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• Orthogonality (of polynomials) translates into Biorthogonality (for residuals)

sT
j rk = (pj(A

T )s0)
Tpk(A)r0 = 〈pj, pk〉BI

whererk = pk(A)r0 andsj = pj(A
T )s0

• For symmetricA ands0 = r0, we have

〈p, q〉BI = 〈p, q〉MR



Computing Formally Orthogonal Polynomials
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Formally orthogonal polynomials

〈ϕj, ϕk〉BI = (ϕj(A
T )s0)

Tϕk(A)r0 =

{
6= 0 if i = j
0 if i 6= j

Stieltjes procedure (monic version)

Set
ϕ−1(t) = 0, ϕ0(t) = 1

Iterate:j = 1, 2, . . . , n

αj =
〈tϕj−1, ϕj−1〉BI

〈ϕj−1, ϕj−1〉BI

, βj =
〈ϕj−1, ϕj−1〉BI

〈ϕj−2, ϕj−2〉BI

ϕj(t) = (t− αj)ϕj−1(t)− βjϕj−2(t)



Computing a Biorthogonal Basis (1/2)
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Formally orthogonal polynomials

〈ϕj, ϕk〉BI = (ϕj(A
T )s0)

Tϕk(A)r0 = wT
j+1vk+1

generate a basis for

Kn(A, r0) = span{v1, v2, . . . , vn}

and for
Kn(A

T , s0) = span{w1, w2, . . . , wn}
(sn shadow residual)



Computing a Biorthogonal Basis (2/2)
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Nonsymmetric Lanczos process(“monic” version)

Chooses0,r0 6= 0 (arbitrary)
Set

v0 = w0 = 0, w1 = s0, v1 = r0

Iterate:j = 1, 2, . . . , n− 1

αj =
〈tϕj−1, ϕj−1〉BI

〈ϕj−1, ϕj−1〉BI

=
wT

j Avj

wT
j vj

,

βj =
〈ϕj−1, ϕj−1〉BI

〈ϕj−2, ϕj−2〉BI

=
wT

j vj

wT
j−1vj−1

vj+1 = ϕj(A)r0 = (A− αjIN)vj − βjvj−1,

wj+1 = ϕj(A
T )s0 = (AT − αjIN)wj − βjwj−1



Biconjugate Gradient (BiCG), Lanczos 52, Fletcher 74
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Scheme
rn = pBI

n (A)r0; sn = pBI
n (AT )s0

Implementation

ŵj−1 = νjŵj−2 − rj−1, νj =
sT

j−1rj−1

sT
j−2rj−2

w∗j−1 = νjw
∗
j−2 − sj−1

xj = xj−1 + ηjŵj−1, ηj = −
sT

j−1rj−1

(w∗j−1)
TAŵj−1

rj = rj−1 − ηjA ŵj−1

sj = sj−1 − ηjA
T w∗j−1



BiCG versus GMRES (1/2)
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• BiCG

– Three-term recurrence relation: storage requirement doesnot grow with j

– Nooptimality property: convergence behaviour may be erratic (large jumps
in ‖rj‖2)

– Breakdown can occur:sT
j rj = 0 with sj 6= 0, rj 6= 0 (⇒ look-ahead

strategies)

– Involves matrix-vector productsATw with thetranspose



BiCG versus GMRES (2/2)
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• GMRES

– Long recurrence relation: storage requirementdoes growwith j

– Optimality property: convergence behaviour is always smooth (‖rj‖2
monotonic)

– No breakdown possible

– TransposeAT is not needed

– No convergence results for restarted GMRES(m)



BiCG versus GMRES (Example)
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log10

(
‖f − Axn‖2
‖r0‖2

)
against n, BiCG (–) (two matvec’s), GMRES (- -)

Advection-diffusion
matrix

A ∈ R625×625



BiCGSTAB



Conjugate Gradient Squared (CGS), Sonneveld 89
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Recall (BiCG)
rn = pBI

n (A)r0

and (scalar needed in the implementation)

νj =
sT

j−1rj−1

sT
j−2rj−2

=
(pBI

j (AT )s0)
TpBI

j (A)r0

(pBI
j−1(A

T )s0)TpBI
j−1(A)r0

=
sT

0 (pBI
j (A))2r0

sT
0 (pBI

j−1(A))2r0

“⇒ ” design method with

rn = (ψBI
n (A))2r0



Conjugate Gradient Squared (Properties)
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Properties

• Short recurrences

• No optimality condition and rounding errors tend to be more damaging than
in BiCG

• Doesnot require the transpose matrix (stilltwo matvecs)

• Breakdown is possible

• Starting point for BiCGSTAB



CGS versus BiCG

c© Bernd Fischer – Kompaktkurs Stuttgart – 27/02/2003 99

0 10 20 30 40 50 60 70
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

10
4

log10

(
‖f − Axn‖2
‖r0‖2

)
against n, BiCG (– –), CGS (–)

Advection-diffusion
matrix

A ∈ R625×625



Biconjugate Gradient Stabilized (BiCGSTAB), Van der Vorst 92
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Idea: design method with

rn = ψBI
n (A)ϕn(A)r0

where
ϕn(t) = (1− τnt)ϕn−1(t)

andτn is chosen to minimize‖rn‖, with respect toτn

(one dimensional optimization problem)



Biconjugate Gradient Stabilized (Properties)
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Properties

• Short recurrences

• No optimality condition

• Smootherconvergence behaviour as compared to BiCG, CGS

• Doesnot require the transpose matrix (stilltwo matvecs)

• Breakdown is possible

• May be viewed as the product of BiCG and GMRES(1)



BiCGSTAB versus BiCG
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log10

(
‖f − Axn‖2
‖r0‖2

)
against n, BiCG (–), BiCGSTAB (- -)

Advection-diffusion
matrix

A ∈ R625×625



BiCGSTAB versus GMRES
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log10

(
‖f − Axn‖2
‖r0‖2

)
, GMRES (–), BiCGSTAB (- -) (two matvec’s)

Advection-diffusion
matrix

A ∈ R625×625



QMR



Quasi Kernel Polynomials (1/2)
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Scheme
rn = pQMR

n (A)r0

Formally orthogonal polynomials

〈ϕj, ϕk〉BI = (ϕj(A
T )s0)

Tϕk(A)r0 =

{
6= 0 if i = j
0 if i 6= j

Residual polynomials

pQMR
j (t) = 1− tΦj−1(t)y

QMR = Φj(t)(dj −HE
j y

QMR)

whereΦj(t) := [ϕ0(t), ϕ1(t), . . . , ϕj(t)].



Quasi Kernel Polynomials (2/2)
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Non-orthogonalmatrix

Vj := Φj−1(A)r0 = [ϕ0(A)r0, . . . , ϕj−1(A)r0] = [v1, . . . , vj]

leads to
‖rj‖2 = ‖Vj(dj −HE

j y
QMR)‖2

Quasi kernel polynomials, quasi minimal residual

pQMR
j (t) = 1− tΦj−1(t)y

QMR

with
‖dj −HE

j y
QMR‖2 = min{‖dj −HE

j y‖2 : y ∈ Rj}
(HE

j is tridiagonal and has full rank)



Quasi Minimal Residual (QMR), Freund/Nachtigal 91
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Implementation (main ingredients)

• Lanczos process:vj andHE
j

• Least squares problem:yQMR
j

• Update:rj, xj

Properties

• Short recurrences: updates forrj, xj are similar to the one for MINRES

• Quasioptimality: regular convergence behaviour

• Requires thetransposematrix (⇒ TFQMR); in any casetwo matvecs

• Breakdown is possible (⇒ look-ahead strategies)

• Stable implementation of BiCG (see MINRES and CG)



QMR versus BiCGSTAB
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