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Motivation I: classes of unstructured meshes
Meshes on networks
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Motivation I: classes of unstructured meshes
Octree meshes
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Motivation I: classes of unstructured meshes
Triangular prismatic meshes
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Motivation I: classes of unstructured meshes
Tetrahedral meshes
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Motivation I: classes of unstructured meshes
Hybrid meshes
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Motivation I: classes of unstructured meshes
Meshes with cut-cells (polyhedral meshes)
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Motivation I: classes of unstructured meshes

Conformal polyhedral meshes de�ne the most

general class of meshes
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Motivation II: discretizations of PDE's on conformal
polyhedral meshes

Polyhedral �nite elements

Mimetic �nite di�erences (method of support operators in Russia, 80')

Finite volume methods (cell-centered): nonlinear �ux appr. /
multipoint linear �ux appr.
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Motivation II: discretizations of PDE's on conformal
polyhedral meshes

Polyhedral �nite elements

Mimetic �nite di�erences (method of support operators in Russia, 80')

Finite volume methods (cell-centered): nonlinear �ux appr.
I Local mass conservation
I Minimal stencil for convection-di�usion eq.
I Two-point �ux appr. / multipoint �ux appr.
I Monotonicity (non-negativity of the solution / discrete maximum

principle)
I Full discontinuous anisotropic di�usion tensor
I Arbitrary polyhedral meshes (possibly anisotropic)
I 2nd -order accurate in concentration
I 1st-order accurate in �ux
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Finite volume scheme for the di�usion equation
Total �ux q = −K∇p
Mass balance equation:

divq = g in Ω

Integrating over polyhedral cell T :∫
∂T

q · nT ds =

∫
T

g dx ,

nT is an outward unit normal vector to ∂T∑
f ∈∂T

qf · nf =

∫
T

g dx

where qf is an average �ux density for face f :

qf =
1

|f |

∫
f

q ds
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Finite volume scheme for the di�usion equation

qf · nf = −K∇p · nf = −∇p · (Knf ) =

= −∇p · `f

Monotone, two-point: K. Lipnikov, D. Svyatskiy, Y. Vassilevski. Interpolation-free

monotone �nite volume method for di�usion equations on polygonal meshes. JCP, 228(3)
(2009) 703�716.

DMP, multi-point, compact: K. Lipnikov, D. Svyatskiy, Y. Vassilevski. Minimal stencil

�nite volume scheme with the discrete maximum principle. RJNAMM, 27(4) (2012)
369�385.
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Finite volume scheme for the di�usion equation

qhf · nf = µ+|`f |
(

α+

|t+,1| + β+
|t+,2| + γ+

|t+,3|

)
P+

− µ−|`f |
(

α−
|t−,1| + β−

|t−,2| + γ−
|t−,3|

)
P−

− µ+|`f |
(

α+

|t+,1|P+,1 + β+
|t+,2|P+,2 + γ+

|t+,3|P+,3

)
+ µ−|`f |

(
α−
|t−,1|P−,1 + β−

|t−,2|P−,2 + γ−
|t−,3|P−,3

)


µ+ + µ− = 1
− µ+d+ + µ−d− = 0.
µ+qf ,+ + µ−qf ,− = 0.

* monotone, two-point.

Y.Vassilevski (INM) INMOST 28.03.2017 5 / 34



Finite volume scheme for the di�usion equation

qhf · nf = µ+|`f |
(

α+

|t+,1| + β+
|t+,2| + γ+

|t+,3|

)
P+

− µ−|`f |
(

α−
|t−,1| + β−

|t−,2| + γ−
|t−,3|

)
P−

− µ+|`f |
(

α+

|t+,1|P+,1 + β+
|t+,2|P+,2 + γ+

|t+,3|P+,3

)
+ µ−|`f |

(
α−
|t−,1|P−,1 + β−

|t−,2|P−,2 + γ−
|t−,3|P−,3

)


µ+ + µ− = 1
− µ+d+ + µ−d− = 0.
µ+qf ,+ + µ−qf ,− = 0.
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A technology for developing parallel numerical models on
general polyhedral meshes is required

Available platforms:

STK, FMDB, MOAB, MSTK, OpenFOAM, Salome

FEniCS, Deal II, Dune

Restricted mesh classes

There is no code portability between di�erent computer platforms (Windows, Linux)

Insu�ciently reliable realizations

Insu�ciently e�cient realizations

There is no possibility (or some di�culties) with incorporating of own approximation schemes
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INMOST

Integrated
Numerical

Modelling and

Object-oriented

Supercomputing

Technologies

INMOST is the software platform for developing parallel numerical models
on general meshes.

INMOST is a tool for supercomputer simulations characterized by a
maximum generality of supported computational meshes, distributed data
structure �exibility, cost-e�ectiveness, cross-platform portability.
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Algorithms speci�cation

of INMOST mesh platform kernel
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Basic mesh elements

Vertex, which contains information on the position in the space

Edge, which consists of 2 or more vertices

Face, polygon in general case, which is based on a set of edges

Cell, polyhedron in general case, which is based on a set of faces

Cell −→ Face −→ Edge −→ Vertex
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Mesh elements hierarchy

Vertex Edge Face Cell

Cell −→ Face −→ Edge −→ Vertex
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Mesh elements

(0D) Node: Vertex

(1D) Edge: Line

(2D) Face: Tri, Quad, Polygon, Multiline*

(3D) Cell: Tet, Hex, Prism, Pyramid, Polyhedron, MultiPolygon*

Checking for nonclosure* of element.

Search of neighboring elements:

Cell ↔ Face

l l
Vertex ↔ Edge
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Elements types (0-1D, 2D, 3D)
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INMOST mesh platform functions

Elements � to store the mesh connection

Data � to store info in the mesh elements
(data types: dense or sparse; int or �oat; value or array)

Tags � to connect the data to the elements

Functions � to operate with:
I Data
I Tags
I Elements
I Set of elements
I Mesh
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How to handle distributed mesh data?

A user may require:

Distribute mesh between processors

Specify �ghost� elements

Store data for elements in tags

Exchange tag data for ghost elements

Generate problem matrix from distributed data

Call parallel linear solver for distributed matrix

Perform global operations (min, max, sum, etc.)

Save mesh data in a parallel format �le (.pvtk, .pmf)
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Functions for distributed mesh data

Pack/unpack the data.

Pack/unpack elements with the data.

Synchronize the data.

Collect the marked elements and exchange them with other processors.

Remove the layer of ghost cells.

Set tags of state, owner and array of processors for all elements on the
base of geometrical information.

Find the layer of faces, edges and vertices which separates the cells of
two processors.

Construct several layers of ghost cells.

Redistribute and balance the mesh data.
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INMOST mesh platform classes

Tag, TagMemory, TagManager

Storage

Element

Node, Edge, Face, Cell (de�ned by class Element)

ElementSet

Mesh
I query, iterator

Solver (linear system solution)
I Row, Matrix, Vector
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Application I:

two phase �ow
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Two phase black-oil model

Randomly disturbed grid

Producer and injector

Full permeability tensor

Fully implicit scheme

Nonlinear scheme

1.8 M of unknowns

50 simulation days

AS(2) + ILU(0)

Blue Gene/P

Up to 8192 processors

Three-phase black-oil reservoir simulator BOSSINMOST
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Total solution time for BJ vrs. AS
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Total number of linear iterations
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Application II:

groundwater �ow and radioactive transport
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Code GeRa
3D simulator of groundwater �ow and transport of radionuclides for assessment of
nuclear wast disposals safety

Meshes: triangular prisms or octrees with cut-cells

Groundwater �ow (con�ned,

uncon�ned, unsaturated, two-phase)

Advective-di�usive-dispersive
transport in porous media (single and

dual-porosity)

Geochemistry (equilibrium and

non-equilibrium, governed by isotherms or

with real chemical reactions calculation)

Radioactive decay chains

Density-driven �ow

Heat transport and heat generation
due to radioactive decay

Temperature-driven convection of
�uids with variable viscosity
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Groundwater �ow and geochemistry in GeRa
in�uence of NaNO3 concentration on Sr sorption

4 injection wells (corners) are balanced with
a production well (middle)

NaNO3 concentration in each injector: 0,
0.2, 0.4, 0.6 mol/l

Sr concentration: 3.3e-9 mol/l

native aquifer �uid (Na,K ,Ca,Cl etc)

porous media is sandstone

full chemical calculation using iPHREEQC

hydrolic head

sodium nitrate

strontium

NaNO3 occupies the media sorption capacity

preventing the Sr sorption
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GeRa scalability on the �ve-spot test

Lomonosov cluster, MSU
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INMOST Book
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A book was published:

Yuri V. Vassilevski, Igor N. Konshin,
German V. Kopytov, Kirill M. Terekhov.

�INMOST � a software platform and a graphical environment
for development of parallel numerical models on general meshes�

Moscow State Univ. Publ., Ìoscow, 2013, 144 p.
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INMOST as an open source is available:

http://www.inmost.org
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INMOST: www.inmost.org
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INMOST: wiki.inmost.org
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INMOST: doxygen.inmost.org
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Usage examples: Parallel regular grid construction

Mesh * mesh = new Mesh(); // Create a mesh to be constructed

// Create i-j-k structure of nodes

ElementArray <Node > verts(mesh);

for(int i = localstart [0]; i <= localend [0]; i++)

for(int j = localstart [1]; j <= localend [1]; j++)

for(int k = localstart [2]; k <= localend [2]; k++) {

Storage ::real xyz[3] = ... ;

mesh ->CreateNode(xyz); // Create node in the mesh

}

// Create i-j-k structure of elements

for(int i = localstart [0]+1; i <= localend [0]; i++)

for(int j = localstart [1]+1; j <= localend [1]; j++)

for(int k = localstart [2]+1; k <= localend [2]; k++) {

verts = ...;

mesh ->CreateCell(verts ,...);

}

mesh ->ResolveShared (); // Resolve duplicate nodes

mesh ->ExchangeGhost (2,NODE); // Construct Ghost cells in

// 2 layers connected via nodes
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Usage examples: Parallel discretization

Solver S(Solver :: INNER_ILU2); // Specify the linear solver to ASM+ILU2+BiCGStab one

Solver :: Matrix A; // Declare the matrix of the linear system to be solved

Solver :: Vector x,b; // Declare the solution and the right -hand side vectors

Mesh:: GeomParam table;

table[CENTROID] = CELL | FACE;

mesh ->PrepareGeometricData(table); // Precompute selected geometric data

for( Mesh:: iteratorFace face = mesh ->BeginFace (); face != mesh ->EndFace (); ++face ) {

if( s1 != Element ::Ghost ) { A[id1][id1] += -Coef , A[id1][id2] += Coef; }

if( s2 != Element ::Ghost ) { A[id2][id1] += Coef , A[id2][id2] += -Coef; }

}

for( Mesh:: iteratorCell cell = m->BeginCell (); cell != m->EndCell (); ++cell )

if( cell ->GetStatus () != Element :: Ghost )

b[cell ->Integer(id)] += cell ->Mean(func_rhs , ...) * cell ->Volume ();

S.SetMatrix(A); // Compute the preconditioner for the original matrix

S.Solve(b,x); // Solve the linear system with the previously computed preconditioner

for( Mesh:: iteratorCell cell = m->BeginCell (); cell != m->EndCell (); ++cell )

if( cell ->GetStatus () != Element :: Ghost ) cell ->Real(phi) = x[cell ->Integer(id)];

mesh ->ExchangeData(phi ,CELL ,0); // Data exchange over processors

mesh ->Save(filename);
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Conclusions

Major bene�ts of INMOST:

Cross-platform code,

Supports parallel mesh generation,

Supports various input/output mesh formats (.gmsh, .vtk, .pvtk, .gmv,
internal .pmf),

Mesh can be distributed and redistributed in parallel (works with
Zoltan, Parmetis and internal partitioner),

Full set of mesh elements,

Supports element markers and tag data of di�erent types (integer,
double, byte, reference to element),

Supports dynamic meshes (octrees, others under development).
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