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Methods
o

» Factorizing #processes = on. g,°0d,°0dz***q, (>0, m>0, oddqy)
— Processes logically in a hypercube with dim=n+m
» Latency-optimization > with full buffer exchange
» Bandwidth-optimization - with buffer halving (or splitting) [butterfly alg.]
* Mixing both methods for medium vector sizes
+ Factorization implemented with recursive distance doubling (x2) or xq,
» Factor g=2: optimal butterfly algorithm
+ 0Odd factors q;: several new algorithms

— 2 elimination algorithms:
+ only with 3-to-2 elimination steps
» with 3-to-2 and 2-1 elimination steps

— Ring algorithm
» Buffer handling
* Further methods

~" MPI_Alireduce & MPI_Reduce Optim. __Rolf Rabenseifner
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Processes ordered as hypercube |
o

» Reduction separately in each direction

(Me1)]|(2e1)|(3e1)
1e2 ||| 2e2 (]| 3e2
1e3 (|| 2e3|]|3e3
14 2n4 3n4
105 (]| 2e5 (]| 3e5

\1.;%/ \9“%/ \?.;Q/

21e1) | 21e1) | 21e

21 e;] 21 e;] 21 e;]
21e3| | 21e3| | [21e3
21e4|| 21e4| ]| [21e4

21e5| | [21e5] | [21e5
1e6) | 21e6) | 21e6)

— + T T T —— —
act)|(5e1)](but (21e1) | 21e1) | (21e
402 (]| 5¢2 ||| 6¢2 @ @ 21e2| | [21e2| | [21e2
4¢3 ||| 5e3 ||| 6e3 in in 21e3|||21e3|||21e3

4ed 5e4 6e4 || vertical
4e5||| 5e5 ||| 6e5 | |direction
\4e6 ) | | 5e6) | ( 6e6)

horizontal| |21e4| | [21e4| | [21e4
direction | [21e5| | [21e5| | |21e5
21e6) | 21e6) | 21e6)

Input vectors Interim result Final
in 6 processes result vector

* Pro: Minimal number of messages — Goal: O(log #proc)
« Con: Full size vector transfer in each direction

" MPI_Alireduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Splitting the vectors

o
(Me1)|(2e1)](3e1) 21el\|( I )
1e2 2e2 3e2 21e2
1e3 (|| 2e3|]|3e3 21e3

14 2n4 3rd
105 (]| 2e5 (]| 3e5
\-6) | (2~6)|2~4)
’4'.'.-1 ) ’b'.'.-l ) ’b'.'.-l )

402 (]| 5¢2 ||| 6¢2 @
4e3 ||| 5¢3 ||| 6e3 in
4e4 (|| 5e4 ||| 6e4|]| vertical
4e5 (]| 5e5 ||| 6e5 | |direction
\4e6) | ( 5e6) | L 6e6.

= ———

@

in
horizontal| [21e4
direction 21e5
L JIU J]R1e6

Input vectors Interim result: Next interim result:
in 6 processes 2 processes > 3 processes >
vector halving scattered into 3 parts

* Reduce_scatter phase
+ Additional allgather phase - next slide

" MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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In reverse sequence, with MPI_Allgather:
o Reduction results gathered to all processes

21e1 h 21e1) | 21e1) | (21e1) 21e1) | 21e1) | (21e1)
21e2 21e2|| (21e2| | [21e2 21e2|| (21e2| | [21e2
(\ (\ 1e3 21e3| | (21e3| | [21e3 21e3| | (21e3| ]| [21e3

21e4|| 21e4|]| [21e4
21e5| | [21e5| | [21e5

Ladlla/ LA 21e6) | 21e6/ | 21e6)
— GGG

) ) ) 21eT) | 21e) | 21e)
@ @ 21e2| | [21e2| | [21e2
in in 21e3|]|21e3| | [21e3
2 horizontal| |21e4| | [21e4| | [21e4| | vertical 21e4||(21e4| | [21e4
21e5) direction | [21e5| | |21e5| | [21e5| |direction ||21e5| ] (21e5| | [21e5
L 1e6 R1e6) | 21e6) | 21e6 R1e6) | 21e6) | 21e6
Interim result Interim result: Final
vector parts 2 processes 2> result vector
after reduction phase vector doubling

* Pro: Sum of all message sizes < 2 * vector size
+ Con: Doubling the number of messages

MPI_Allreduce & MPI_Reduce Optim. _ Rolf Rabenseifner
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Allreduce / Reduce_scatter phase
o for power-of-two processes

» Communication and reduction protocol with distance doubling

Ranks: Ranks:

XY |

0 g) 0 j 41— Distance

1 1 and

2 2[7 number of pairs
3 3 A|A in each block

s g) Shortcut: 4 j;

5 5

6 6[7 Type of protocol:
73) 7JAA_A=AIIreduce

R = Reduce_scatter
» Latency optimized — total reduction result on all processes
Send total buffer x receive and reduce it with own total buffer @
A~ Send total buffer receive and reduce it with own total buffer @

+ Bandwidth optimized — on each process: only Y, cesses Of reduction result

Send 29 half of bufferxreceive and reduce it with own 1st_half of own buffer @
/ Al ~  Send 1t half of buffer receive and reduce it with own 2" half of own buffer @

© Rolf Rabenseifner and Jesper Traff: More Efficient Reduction Algorithms
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Allreduce = Reduce_scatter + Allgather (Butterfly) |
o

e Pure Protocol: « Mixed Protocol:

Ranks: Ranks:

[n=1
)
N |
N |
)

[n=1
N
N |
N
N

o o & @ N = O
D=l
N XD
o o & @ N = O
D=l
[ | 51

X1 [ [ |
[P I (ST [ [GWE Iy [SYEN

N D
[P I (ST [ [GWE Iy [SYEN

1
71414

1
7[AAIA Qg

A MG
Reduce_scatter | Allgather Reduce_scatter | | Allgather
Allreduce | No operation

» Aligather protocol:

E Send provisional result >< receive and store after own provisional result
/ d ™~ Send provisional result receive and store before own provisional result

Methods
o

+ Factorizing #processes = 2" . d,°dy°Gz°**0q,, (120, m>0, oddq)
— Processes logically in a hypercube with dim=n+m
» Full buffer exchange for best latency
» Buffer halving (or splitting) for best bandwidth (butterfly algorithm)
» Mixing both methods for medium vector sizes
+ Factorization implemented with recursive distance doubling (x2) or xq,
» Factor g=2: optimal butterfly algorithm
+ Handling odd factors q;: several new algorithms
— 2 elimination algorithms with doubling&halving:
» only with 3-to-2 elimination steps
» with 3-to-2 and 2-1 elimination steps
— Ring algorithm
+ Buffer handling
» Further methods

- MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Methods for hon-power-of-two number of processes
o

» 3-to-2-process (Triple) and 2-to-1-process (Double) reduction
eliminates processes in the allreduce/reduce_scatter epoch, i.e.,
those processes are not used in further reduction steps

» 3-to-2-process reduction (Triple):
— Allreduce/reduce_scatter phase:
» Latency optimized

reduce @ >(py+(P,+P,))
[now eliminated]

send buffer reduce @ >(py+(P;+P,))
— Send buffer xreduce @ (p,+p,) >{
Send buffer reduce @ >(p,+p,), send result

» Bandwidth optimized

send 2" half reduce @ - 1st half
— Send 1st half reduce @ = 2 half 7 reduce @ = 2 half

Send 2nd halfxreduce @ => 1%t half, send result [now eliminated]

MPI_Allreduce & MPI_Reduce Optim. _ Rolf Rabenseifner H L R ]: S
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This work was done together with Jesper Larrson Traff, NEC.

Methods for non-power-of-two number of processes
o
» 3-to-2-process reduction (Triple):
— Allgather phase:
» Latency optimized
No operation

— Send buffer
\receive buffer

» Bandwidth optimized
Send buffer (=15t part) recv. after own buffer
— Send buffer (=2n part) >< send own buffer xrecv. before

recv. as 15t part, send recv’d data recv. after

MPI_Allreduce & MPI_Reduce Optim. _ Rolf Rabenseifner H L R :I: S
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6/
o
/9‘"\ Example with 2°-1 processes, bandwidth optimized
(o]

Rank
S ety Vg Yalele — message size at ranks 1 —2

0:
1: T
2: R, -
: » Overlapping protocol blocks:
2' E — Total message size <3 * buffer size
5: — Total computation size < 1.5 * buffer size
6: g at each process that is never eliminated
7: + Same rules for any
) g 4 14 odd number of processes
8: 4 |4
9: 1 4] |4 E
10: Al 4 |4 |l4lg
11 22 2W4+2+1 = 15 processes
12: —
13: A T Tl to be eliminated in Triple-steps
14: ; A il

% YaVal/gl/g 1/8'/8 /a2 — message size at ranks 7 — 14

This work was done together with Jesper Larrson Traff, NEC.

Example with odd number of processes,
o-Randwidth optimized

Ranks Yololallg 1/gialel2 — message size at ranks 1 —2
0: NIEIERE
1: T1)] ||5] |9
. R/ ™ 0
2: \\ P « Overlapping protocol blocks:
2' E AJ“ ‘\I# 3 — Total message size <3 * buffer size
5: Bl i I — Total computation size < 1.5 * buffer size
6: E 7 ;‘ ;’ 7 Z, at each process that is never eliminated
7: d 1 [ | $-Same rules for any
: 1 1
8: ;E q |4 |lg ; odd number of processes
iy
10: 8+4 +1=13processes
1: E T T g to be eliminated in Triple-steps
12: & Glla

Yol/allgl/g 1/g1/g /a2 — message size at ranks 5 — 12

>
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6/

N3 . .
< Example with 2°-1 processes, latency optimized
o

Ranks 1111 001 — Latenciesatranks1—-2
0: 1|3 7!13
1: T1)|3] 7|13
22 W ' .
: o . » Overlapping protocol blocks:
3: j 26l |62 E [log(#processes) | +1 latencies
4: 2)l6] |6
5: N7/ N[y Alireduce, result on One step:
6: . NJ power-of-two sending to the
’ — proc other processes
7: nal 4 |4 2|7
8: d s + Same rules for any

non-power-of-two number of processes

9: 1 4 |4 1

10: Al 4 |4 |G

11: j E B E

12:

13: 1 T| T| 1

14 A M

111 1 00 — Latenciesatranks7—14

¥

This work was done together with Jesper Larrson Traff, NEC.

Methods
o

+ Factorizing #processes = 2" . d,°dy°Gz°**0q,, (120, m>0, oddq)
— Processes logically in a hypercube with dim=n+m
» Full buffer exchange for best latency
» Buffer halving (or splitting) for best bandwidth (butterfly algorithm)
» Mixing both methods for medium vector sizes
+ Factorization implemented with recursive distance doubling (x2) or xq,
» Factor g=2: optimal butterfly algorithm
+ Handling odd factors q;: several new algorithms
— 2 elimination algorithms with doubling&halving:
+ only with 3-to-2 elimination steps
+ with 3-to-2 and 2-1 elimination steps
— ring algorithm
+ Buffer handling

» Further methods
<~ MPI_Alireduce & MPI_Reduce Optim. _Rolf Rabenseifner
% Slide 14 /27 Hochstleistungsrechenzentrum Stuttgart H L R :I: S

© Rolf Rabenseifner and Jesper Traff: More Efficient Reduction Algorithms
for Non-power-of-two Number of Processors in Message-Passing Parallel Systems.
Euro PVM/MPI 2004, Sep. 19-22, Budapest. Page 7




2. Algorithm with Triple and Double Reduction steps
o

» 2-to-1-process reduction (Double):
— Same protocol for “Latency optimized” and “Bandwidth optimized”

— Allreduce/reduce_scatter epoch:
w _ / receive and reduce @ >(p,+p;)

- Send buffer [now eliminated]

— Allgather epoch:

_ Send buffer \
N receive

c E# MPI_Allreduce & MPI_Reduce Optim. _ Rolf Rabenseifner
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Example with 2°-1 processes, bandwidth optimized

o
Ranks

4
=

121/2%‘/1 ‘ﬁ%ﬂ 21 — message size at all active ranks
4

e=]

» Non-overlapping protocol blocks:
— Total message size <3 * buffer size

— Total computation size < 1.5 * buffer size
at each process that is never eliminated

Same costs as with previous algorithm

» Same rules for any
odd number of processes

[m=] D=l

||

= Bs b= 6= o]
.

©eNOa RN
o =1

==
-
_

= -
o o
o =1

13: T1, A
14: |B
~ MPI_Alireduce & MPI_Reduce Optim. _Rolf Rabenseifner
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6/
Example with odd number of processes,
< bandwidth optimized

o

with 2(L+M+1) = 2 L log #processes |
G

[n=1

Ranks 411 41/s /g Va2l — message size at all active ranks

0: 1 4 |4

1: 9

2: E « Splitting the number of processes into

2' A — L x (2-process-symmetric-reduction [F])
: 1 IR . .

5 ; N - Mx(2x 2-process-symmetrlc-reductlon [A]

6 P + 2 x 2-1-reduction [D])

: 1 .

7: ; EI ﬁ — 1 X% (8-2-reduction [T])

8:

9:

c E#/, MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Methods
o

Factorizing #processes = 2" . Q,°0y,°0z°*° Q.
— Processes logically in a hypercube with dim=n+m
» Full buffer exchange for best latency
» Buffer halving (or splitting) for best bandwidth (butterfly algorithm)
Mixing both methods for medium vector sizes

(n>0, m>0, odd qi)

+ Factorization implemented with recursive distance doubling (x2) or xq,
Factor g=2: optimal butterfly algorithm
+ Handling odd factors q;: several new algorithms
— 2 elimination algorithms with doubling&halving :
» only with 3-to-2 elimination steps
» with 3-to-2 and 2-1 elimination steps
— Ring algorithm
Buffer handling

Further methods

.
- MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Further Optimization of odd #processes
o with ring-algorithms

» Latency optimization:

— Algorithm: « Use Bruck’s “Concatenation” = Allgather algorithm
(optimal, i.e., O('log #p) for any #p)

» Then reduce all data in each process

« Bandwidth optimization:

— Algorithm: « Divide input vector logically into (#processes) parts
« Alltoall: send jt parts from all input vectors to process j
« Then local reduction of all jt vector-parts in each process j
* Then Bruck’s Allgather

" MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
Slide 19/ 27 Hachstleistungsrechenzentrum Stuttgart H L R I S

ey

3
4:\?96 Further Optimization of odd #processes

< o With ring-algorithms

The inner part for odd #processes can be additionally improved:
» Latency optimization:

— Algorithm: « Use Bruck’s “Concatenation” = Allgather algorithm
» Then reduce all data in each process

— Criterion Ring-algorithm Elimination-Protocol [p = #processes]
+ Latency < O([log(p)1) +O([og(p)1+ 1)
always faster
« Transfer «O(p-1) «O(log(p)1+1)
faster if p=3,5 fasterifp>7
« Operations +O(p-1) - 0(llog(p)1)
faster if p=3 fasterif p>5
#processes = p 3 5 7 9 1 13 15
Latencies 2/3|3/4|3/4|4a/5| 4/5 | 4/5 | 4/5
Transfer / input_buffer_size 2/3|4/4a|6/4|8/5|10/5|12/5| 14/5
Operations / input_buffer_elements 2/2|4/3|6/3|8/4|10/4|12/4|14/4

" MPI_Allreduce & MPI_Reduce Optim. __Rolf Rabenseifner
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6/
Further Optimization of odd #processes
< o With ring-algorithms |

« Bandwidth optimization:

— Algorithm: « Divide input vector logically into (#processes) parts
« Alltoall: send j parts from all input vectors to process j
« Then local reduction of all th vector-parts in each process j
» Then Bruck’s Allgather

— Criterion Ring-algorithm Elimination-protocol [p= #processes]
« Latency - O(p-1 + [log(p)1) - 0(2[log(p)]1) [p'=2 Liogp J 1
« Transfer «O(2(p-1)/p) « O(2 (1.5-1/p"))
« Operations «O( (p-1)/p) \ «O( 1.5-1/p’) i.e., O(half of transfer)
better

#processes = p 3 5 7 9 1 13 15

Latencies 4/a | 7/6 | 9/6 | 12/8 | 14/8 | 16/8 | 18/8

Transfer 1.33/ [1.60/ [1.71/ [1.78/ |1.82/ |1.85/ |1.87/

perinput buffer_... 1500 |250 |[250 |275 |[275 |275 |2.75

MPI_Allred: & MPI_Red Optim. _Rolf Rab if|
Slide 21r/ezl;ce HéchseﬂeuigteungsLn;chenzZntrL?meSnii;gr;er; H L R I S

Best algorithm for odd factor q;

o
Algorithm Latency + Transfer + Operations
Lat.-opt. Ring  O( log(p) ) +5(O(p—1) +0(p-1) )
Lat.-opt. Elimi. O(log(p) +1) +s(O(log(p) 1+1) + O(log(p)]) )
Bw.-opt. Elimi. O(2 log(p) ) +s(0(3-2/p) +0(1.5-1/p") )
Bw.-opt. Ring  O(p-1+/log(p) +17) + s( O(2-2/p) o(1-1/p) )

p=number of processes, s=vector size
“Jsome additional messages to prohibit local buffer copy in Bruck’s allgather algorithm

Example for p=125

Algorithm Latency + Transfer + Operations -> Optimization for large p:
Lat.-opt. Ring O(7) +s(0(124) + O(124)) - very small vectors
Lat.-opt. Elimi. O(8) +s(0@B) +0((7) ) - small vectors
Bw.-opt. Elimi. O(14) +s(0O(3) +0(1.5)) - med.-long vectors
Bw.-opt. Ring 0(132)7+s(0@2) +0O(1) ) - verylong vectors
“Imay be reduced to O(24) with ring(5)*ring(5)*ring(5) instead of ring(125)

" MPI_Allreduce & MPI_Reduce Optim. __Rolf Rabenseifner
% Slide 22/ 27 Hochstleistungsrechenzentrum Stuttgart H L R :I: S

© Rolf Rabenseifner and Jesper Traff: More Efficient Reduction Algorithms
for Non-power-of-two Number of Processors in Message-Passing Parallel Systems.
Euro PVM/MPI 2004, Sep. 19-22, Budapest. Page 11




&7
o .
® Buffer handling

]
» If operation is commute
— No local buffer copying,

— Except in Bruck's allgather, used in latency optimized ring
(i.e., with small vectors)

» If operation is not commute (only with user defined operations)
— Minimizing buffer copying be receiving data to optimized location

c E# MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Further optimization methods
o

* Pipelining:
— Splitting vectors into chunks

— Overlaying chunk message transfer
with reduction already received chunk

* Segmentation

For algorithms that do not use all processors at the same time
+ E.g., MPI_Reduce with binomial tree

Executing the operation for several segments of the input vector
(Recursive halving and doubling should be faster)
Smaller scratch buffers

~ MPI_Alireduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Measurements on 128 x Dual-Opteron with Myrinet 2000
o
MPIAllreduce(sum, double) bandwidth: Ratio “new routine” / “mpich1.2.5..10-gm-pgi”
Allreduce(sum,dbl) - ratio := bandwidth of chosen be Allreduce(sum.dbl) - ratio := bandwidth of chosen best/ vendor's bandwidth
o !H*i%!;: ] 128 5§§§ilg' 00<=ratic W
,I*lf i ;;‘": 50. <= ratio <100. W
,,32 h;?i?i i &4 -5%???; 'SE 20. <=ratio <50. ®
H ;:A;_x: 8 ...l.ha‘g
¥ Y 2
é‘te 34;;??;4 Frii1 i § 32 ;*3'??§?Aﬁ 7.0<ratio <10. 0
a  § 1 1 a . s e s
8 p o g o g S i i o I 5.0 <=raio<7.0 ©
3 5|4 Iitritiintitii e it 488 101Q1TiT 11008 e
5 [ Are e e +4+Aadb+++++ +5 A+++++++++++++ 30<=ratio<50 +
& ++AAMD+++ 4+ + 2 P e
2 A+ + + A&+ + oL + 8 ast++++++++++++ 20<=ratio<3.0
§ ¥ S AR A g Bk & = & meen POPHEEN O S A
x b A6 A+ 4+ R Addd A dbb bt
2t X o o X .. s AA4+ 4+ AAAAL AF e e e o000 AA+LAXAAAABBALA g o 19
0.7 <=raio <09 X
ococdano a +++a 2f - ALAALAMLLLS DDoaratioz0T ¥
8 32 256 tk 8k 3zk 258k 1M 8M 8 32 256 1tk 8k 32k 256k 1M &M
buffersize [bytes] buffersize [bytes]
1 MPI process per dual-SMP-node 2 MPI processes per dual-SMP-node
MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Is automatic protocol-choosing real best?

o
Bandwidth-ratio “best of some choices” / “automatic choosing”
Allreduce(sum,dbl) - ratio := real best bandwidth of 5 1 Allreduce{sum.dbl) - ratio := real best bandwidth of 5 new algo.s / chosen best
“I} | el * H | ceraio W
} ! I
| i1 | ¥ - } 1 lf ii E 50. <= ratio <100. W
2418 118 l ! <erato <
FutRHHIE !E..;f T it
g jid i3 tii i i i
o 1813 o S2 T i ! T.0<=raio<io. 0O
g é_' i 50<=ratio<70 O
£ 8 iz 18 D 30<rato<s0 +
8 3 2.0 <= ratio < 3.0
S 4 g 8 1.5<=ratio<20 a
B AT K R 6 8 warm B | e 5w e SRR W R §
BE Wi d ¥ BAACE B BN PN E T IR Iy e g
1 MPI process per dual-SMP- node 2 MPI processes per dual-SMP- node- —ratio<09  x
i S B R LN RS § s SR E I AR R RS TRE R BRI B
8 3 25 1k 8k 32k 256k M 8M 8 32 256 1k 8k 32k 25k 1M 8M
buffersize [bytes] buffersize [bytes]

In few cases, manual choices may be up to 1.5 better than automatic

MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
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Summary
o

*  Optimized MPI_Allreduce
— any number of processes #p
— especially non-power-of-two #p
— any vector length
+  Optimal latency for #p = 2" or #p =2"*3 > O(log,p )
— one additional round for other #p > O( logyp l+1)
«  Bandwidth optimized: if #p = 2"+q then > O(2(1+1/2™1)s)
— Instead of previous O(4s) [mpich >1.2.6] between 2 and 3
« Smooth transition
— from latency to bandwidth optimized
* Implementations
— By NEC: (non-disclosed, 3-2-elimination)
— By HLRS: freely available on request (2-1-elimination and ring)
(e-mail to rabenseifner@hlrs.de)

c E# MPI_Allreduce & MPI_Reduce Optim. _Rolf Rabenseifner
Slide 27/ 27 Hachstleistungsrechenzentrum Stuttgart H L R ]: S

© Rolf Rabenseifner and Jesper Traff: More Efficient Reduction Algorithms
for Non-power-of-two Number of Processors in Message-Passing Parallel Systems.
Euro PVM/MPI 2004, Sep. 19-22, Budapest. Page 14



